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field, together with relevant arithmetic information about the fields generated 

C^) 1 by the irreducible factors. This carries out a program suggested by 0. Ore. 

As an application, we obtain fast algorithms to compute discriminants, prime 
ideal decomposition and integral bases of number fields. 
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Introduction 



R. Dedekind based the foundations of algebraic number theory on ideal theory, 
because the constructive attempts to find a rigorous general definition of the ideal 
numbers introduced by E. Kummer failed. This failure is due to the existence of 
inessential discriminant divisors; that is, there are number fields K and prime num- 

^\j . bers p, such that p divides the index i{9) :— (1ik ■ "^[0]), for any integral generator 

^ ' 9 oi K, where Zk is the ring of integers. Dedekind gave a criterion to detect when 

^^ . p I i{9), and a procedure to construct the prime ideals of K dividing p in that case, 

^^j ' in terms of the factorization of the minimal polynomial of 9 modulo p [Dcd78] . 

M. Bauer introduced an arithmetic version of Newton polygons to construct 
prime ideals in cases where Dedekind's criterion failed |Bau07| . This theory was 
developed and extended by 0. Ore in his 1923 thesis and a series of papers that 
followed |Ore28l [Ore2l IOre25l [Ore26l IOre28) . Let fix) e Z[x] be an irreducible 

f^ . polynomial that generates K. After K. Hensel's work, the prime ideals of K lying 

above p are in bijection with the irreducible factors of f{x) over Zp[a;]. Ore's 
work determines three successive factorizations of f{x) in Zp[a:], known as the three 
classical dissections |Ber27j . [CohOOj . The first dissection is determined by Hensel's 
lemma: f{x) splits into the product of factors that are congruent to the power of 
an irreducible polynomial modulo p. The second dissection is a further splitting 
of each factor, according to the number of sides of certain Newton polygon. The 
third dissection is a further splitting of each of the late factors, according to the 
factorization of certain residual polynomial attached to each side of the polygon, 
which is a polynomial with coefficients in a finite field. 

Unfortunately, the factors of f{x) obtained after these three dissections are not 
always irreducible. Ore defined a polynomial to be p-regular when it satisfies a 
technical condition that ensures that the factorization of f{x) is complete after the 
three dissections. Also, he proved the existence of a p-regular defining equation for 
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every number field, but the proof is not constructive: it uses the Chinese remainder 
theorem with respect to the different prime ideals that one wants to construct. Ore 
himself suggested that it should be possible to introduce Newton polygons of higher 
order that continue the factorization process till all irreducible factors of f{x) are 
achieved |Ore23l Ch.4,§8], |Ore28l §5]. 

Ore's program was carried out by the second author in his 1999 thesis jMon99| . 
under the supervision of the third author. For any natural number r > 1, Newton 
polygons of order r were constructed, the case r — 1 corresponding to the Newton 
polygons introduced by Ore. Also, analogous to Ore's theorems were proved for 
polygons of order r, providing two more dissections of the factors of /(x), for 
each order r. The whole process is controled by an invariant defined in terms of 
higher order indices, that ensures that the process ends after a finite number of 
steps. Once an irreducible factor of f{x) is detected, the theory determines the 
ramification index and residual degree of the p-adic field generated by this factor, 
and a generator of the maximal ideal. These invariants are expressed in terms 
of combinatorial data attached to the sides of the higher order polygons and the 
residual polynomials of higher order attached to each side. The process yields as 
a by-product a computation of ind(/) := Vp{i{9)), where is a root of f{x). An 
implementation in Mathematica of this factorization algorithm was worked out by 
the first author [Gua97| . 

We present these results for the first time in the form of a publication, after a 
thorough revision and some simplifications. In section 1 we review Ore's results, 
with proofs, which otherwise can be found only in the original papers by Ore in the 
language of "hoheren Kongruenzen" . In section 2 we develop the theory of Newton 
polygons of higher order, based in the concept of a type and its representative, 
which plays the analogous role in order r to that played by an irreducible polynomial 
modulo p in order one. In section 3 we prove analogous in order r to Ore's Theorems 
of the polygon and of the residual polynomial (Theorems l3.1l and l3.7p . that provide 
two more dissections for each order. In section 4 we introduce resultants and indices 
of higher order and we prove the Theorem of the index fTheorem l4.18p . that relates 
ind(/) with the higher order indices constructed from the higher order polygons. 
This result guarantees that the factorization process finishes at most in ind(/) steps. 

Although the higher order Newton polygons are apparently involved and highly 
technical objects, they provide fast factorization algorithms, because all computa- 
tions are mainly based on two reasonably fast operations: division with remainder 
of monic polynomials with integer coefficients, and factorization of polynomials over 
finite fields. Thus, from a modern perspective, the main application of these results 
is the design of fast algorithms to compute discriminants, prime ideal decomposi- 
tion and integral bases of number fields. However, we present in this paper only 
the theoretical background of higher order Newton polygons. We shall describe the 
concrete design of the algorithms and discuss the relevant computational aspects 
elsewhere |GMN08al iGMNOSbj . 
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1. Newton polygons of the first order 

1.1. Abstract polygons. Let A G Q~ be a negative rational number, expressed 
in lower terms as A = —h/e, with h, e positive coprime integers. We denote by 
5(A) the set of segments of the Euclidian plane with slope A and end points having 
nonnegative integer coordinates. The points of (Z>o)^ are also considered to be 
segments in S{\), whose initial and final points coincide. The elements of 5(A) will 
be called sides of slope A. For any side S G '5(A), we define its length, £ :— £{S), 
and height, H := H{S), to be the length of the respective projections of S to the 
horizontal and vertical axis. We define the degree of 5* to be 

d :== d{S) := e{S)/e = H{S)/h. 

Note that any side S of positive length is divided into d segments by the points 
of integer coordinates that lie on S. A side S G S{\) is determined by the initial 
point (s, u) and the degree d. The final point is (s + £,u — H) ~ {s + de, u — dh). 
For instance, the next figure represents a side of slope —1/2, initial point (s,u), 
and degree three. 
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The set S{X) has the structure of an abehan semigroup with the foUowing ad- 
dition rule: given S, T E '5(A), the sum 5 + T is the side of degree d{S) + d{T) 
of S{X), whose initial point is the sum of the initial points of S and T. Thus, the 
addition is geometrically represented by the process of joining the two segments 
and choosing an apropriate initial point. The addition of a segment S with a point 
P is represented by the translation P + S oi S hy the vector represented by P. 
The neutral element is the point (0,0). The invariants i{S), H{S), d{S) determine 
semigroup homomorphisms 

i, H,d: S{X) — > Z>o. 

For technical reasons we consider also a set of sides of slope — cx), which is formally 
defined as iS(—oo) := Z>o x (Z>o)^. If 5= (^, (s,m)) is a side of slope minus infinity, 
we define £{S) := £, H{S) := oo, d{S) :~ 1. Also, we take by convention h = oo, 
e = £. This set has an obvious structure of an abelian monoid, and the length 
determines a monoid homomorphism, £: S{—oo) — > Z>o. There is a geometric 
representation of such an 5 as a side whose end points are (s — £, oo) and (s, u). 



The set of sides of negative slope is defined as the formal disjoint union 

5:=5(-^)[][ U 5(A) 
\AeQ- 

Note that the points of (Z>o)^ belong to S(X) for all finite A, so that it is not 
possible (even in a formal sense) to attach a slope to them. 

We have a natural geometric representation of a side. Let us introduce a geomet- 
ric representation of a formal sum of sides as an open convex polygon of the plane. 
Let A^ = 5i + • • • + 5*4 be a formal sum of sides of negative slope. Let Soo = (^oo , Poo ) 
be the sum of all sides of slope — oo among the Si, and let Pq be the sum of all 
initial points of the Si that don't belong to 5(— oo) (in case of an empty sum we 
consider respectively Poo = (0, 0) and/or Pq = (0, 0)). Let P = Poo + Pq- Then, N 
is represented as the polygon that starts at P and is obtained by joining all sides 
of positive length and finite slope, ordered by increasing slopes. If zi is the abscissa 
of P, we have to think that the polygon starts at the abscisa io ^ ii ~ £oo, that 
formally indicates the starting point (at infinity) of a side of slope — oo. The typical 
shape of this polygon is 
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io+i{N) 



Definition 1.1. The semigroup W of principal polygons is defined to he the set 
of all these geometric configurations. 

By definition, every principal polygon represents a formal sum, N = Si + - ■ - + 81^ 
of sides Si G S. This expression is unique in any of the two following situations 

(1) AT == 5*, with S e (Z>o)2, 

(2) A^ = Si + ■ ■ ■ + St, with all Si of positive length and pairwise different 
slopes. 

It is clear that any N € W can be expressed in one (and only one) of these 
canonical forms. Usually, when we speak of the sides of a principal polygon, we 
mean the sides of this canonical expression. If we need to emphasize this we shall 
use the term canonical sides of N . The finite end points of the canonical sides are 
called the vertices of the polygon. 

The addition of polygons is defined in terms of the expression as a formal sum of 
sides (not necessarily the canonical ones) . That is, \i N = Si + ■■■ + Sr and N' = 

S'i-\ \-S's, then N+N' is the geometric representation of Si H ^Sr+S[-\ hS"^. 

The reader may check easily that this is well-defined and PV has a structure of 
semigroup with neutral element (0,0). 

Also, it is clear that this addition is compatible with the sum operations that we 
had on all S{X). Note that the addition of A^ G VP with (the polygon represented 
by) a point P G (Z>o)^ is the translation P + N. The fact of adding to N (the 
polygon represented by) a side of slope —00 is reflected by a horizontal shift of the 
finite part of N, without changing the starting abscissa ia of N. 

Definition 1.2. We define the length of a principal polygon N = Si + ■ ■ ■ + Sr to 

be £{N) :— £{Si) + ■ ■ ■ + £{Sr). The length determines a semigroup homomorphism, 
t.PP >Z>o. 

Let N G PP. Let io be the abscissa where the polygon starts and ii the abscissa 
of the point P where the finite part of N starts. For any integer abscissa iq <i < 
io + i{N) we denote by 



y^ - y^iN) 



00, 



the ordinate of the point of N of abscissa i, 



ii i < ii, 
ii i > ii. 



For i > ii these rational numbers form an strictly decreasing sequence. 

Definition 1.3. Let P = {i,y) be a "point" of the plane, with integer abscissa 
io < ^ < ^0 + ^{N)j o,nd ordinate y G M U {00}. We say that P lies on A^ if y ^ Vi, 
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and in this case we write P (z N . We say that P lies above N if y > yt. We say 
that P lies strictly above N if y > yi. 

For any ii < i < iQ+£{N), let /i^ be the slope of the segment joining (i — 1, yi-i) 
and {i,yi). The sequence /ii^+i < ••• < ^ig+K^j^f) is an increasing sequence of 
negative rational numbers. We call these elements the unit slopes of N. Consider 
the multisets of unit slopes: 



[/,,(7V):=0; U,{N) -.^ {^l,,^ 



,11,}, yii<i<io + i{N). 



Clearly, y,{N) = y^^N) + 'E^,eUdN) A*- 

Let N' be another principal polygon with starting abscissa jo and starting ab- 
scissa for the finite part ji. Consider analogous multisets Uj{N'), for all ji < 
j < JQ + £{N'). By the definition of the addition law of principal polygons, the 
multiset Uk{N + N') contains the smallest k ~ ii ~ ji unit slopes of the multiset 
Uio+i{N){N) U [/j„+£(Ar/)(A^') that contains all unit slopes of both polygons. Thus, 

y,{N)+y^iN')>y,+^iN + N'), 

and equality holds if and only if U,{N) U Uj{N') = U,+.j{N + N'). 

Lemma 1.4. Let N, N' G VP. Let P = (i, u) be a point lying above the finite part 
of N and P' ~ (j, u') a point lying above the finite part of N' . Then P + P' lies 
above the finite part of N + N' and 



P + P' e N + N' 



PeN, P' e N', and U,{N) U Uj{N') = U,+j{N + N'). 



Proof. Clearly, u + u' > y,{N) + yj{N') > y,+j{N + N') and P + P' e N + N' ii 
and only if both inequalities are equalities. D 

Definition 1.5. Let A G Q^ and N G PV. Consider a line of slope A far below N 
and let it shift upwards till it touches N for the first time. Denote by Lx{N) this 
line of slope X having first contact with N. We define the A-component of N to be 
S\{N) :— N n Lx{N). We obtain in this way a map: 



Sx-.vr 



S{\). 



If N has a canonical side S of positive length and finite slope A, we have S\{N) 
S, otherwise the A-component S\{N) reduces to a point. 





Lx{N) 



5a (Af) = final point of S Sx{N) = S 

Lemma 11.41 shows that S\ is a semigroup homomorphism: 

(1) Sx{N + N')=Sx{N) + Sx{N'), 

for all N, N' G VP and all A G Q". 
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1.2. 0-Newton polygon of a polynomial. Let p be a prime number and let Q^ 
be a fixed algebraic closure of tlie field Qp of the p-adic numbers. For any finite 
extension, Qp C L C Q of Qp we denote by v^ the p-adic valuation, vj^ : Q — > 
Q U {oo}, normalized by vl{L*) = Z. Throughout the paper Ol will denote the 
ring of integers of L, itil its maximal ideal, and F^ the residue field. The canonical 
reduction map red^ : Ol — > IF^ will be usually indicated by a bar: a := redL(a). 

We fix a finite extension K of Qp as a base field, and we denote v := vk, 
O := Ok, Tn := mx, F := ^k, q '■= |]F|. We fix also a prime element n E O. 

We extend the valuation v to polynomials with coefficients in C in a natural 
way: 

v. 0[x] — > Z>o U {oo}, v{bo -\ h Wx'') := mm{v{bj), <j < r}. 

Let (l){x) G 0[x] be a monic polynomial of degree m whose reduction mo- 
dulo m is irreducible. We denote by F^ the finite field 0[x]/('!t,(J){x)), and by 
red: 0[x] — > F^ the canonical homomorphism. We denote also by a bar the 
reduction of polynomials modulo m, ~: 0[x] — > ¥[x]. 

Any f{x) G 0[x] admits a unique (/)-adic development: 



f{x) = ao{x) + ai{x)(j){x) 



-an{x)(j){x) 



with ai{x) G 0[x], degai(x) < m. For any coefficient ai{x) we denote Ui :— 
v{ai{x)) G Z>o U {oo} and we attach to ai{x) the point Pi = (i,Ui), which is a 
point of the plane if Ui is finite, and it is thought to be the point at infinity of the 
vertical line with abscissa i, if Ui ~ oo. 

Definition 1.6. The (p-Newton polygon of a nonzero polynomial f{x) G 0[x] is 
the lower convex envelope of the set of points Pi ~ {i,Ui), Ui < oo, in the euclidian 
plane. We denote this polygon by N(j,{f). 

The length of this polygon is by definition the abscissa of the last vertex. We 
denote it by £{N^{fj) := n = [deg(/)/mJ. Note that deg/(a;) ~ mn + dega„(x). 
The typical shape of this polygon is the following 




ord^(/) ord^(//7r-(/)) [dcg{f)/m\ 



Remark 1.7. The (f)- Newton polygon of f(x) consists of a single side of slope — oo 
if and only if f{x) = a{x)(j){x)"' , with deg(a) < m. 

Definition 1.8. The principal (j}-polygon of f{x) is the element N7{f) G PV 
determined by the sides of negative slope of N^{f), including the side of slope — oo 
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represented by the length OTd^{f). It always starts at the abscissa io = and has 
length ord^ {Jh^^ ■ 

For any A G QT we shall denote by S\{f) := Sx{N7 (f)) the X-component of 
this polygon (cf. Definition \1.5\} 



From now on, we denote N — N7(f) for simplicity. The principal polygon N 
and the set of points Pi = {i,Ui) that lie on N, contain the arithmetic information 
we are interested in. Note that, by construction, the points Pi lie all above N. 

We attach to any abscissa oid^{f) < i < i{N) the following residual coefficient 

c^ e F^: 

if {i,Ui) lies strictly above N, 
ai{x)^ 




if (i,Ui) lies on N. 

Note that Cj is always nonzero in the latter case, because degai{x) < m. 

Let A = —h/e be a negative rational number, with ft,, e positive coprime integers. 
Let S ~ S\{f) be the A-component of N , (s, u) the initial point of S, and d :— d{S) 
the degree of S. The points {i,Ui) that lie on S contain important arithmetic 
information that is kept in the form of two polynomials that are built with the 
coefficients of the 0-adic development of f{x) to whom these points are attached. 

Definition 1.9. We define the virtual factor of f{x) attached to A (or to S) to he 
the polynomial 

f'^{x):=n-^<j>{x)-'f\x)^K[x], where f"{x):= ^ a.(x)0(x)\ 
We define the residual polynomial attached to A (or to S) to be the polynomial: 

■RA(/)(y) := Cs + Cs+e y H h Cs+{d~l)e V'^^^ + Cg+de y'^ G ^^[y]. 

Note that only the points {i,Ui) that lie on S yield a nonzero coefficient of 
i?A (/)(?/)• In particular, Cs and c^+de are always nonzero, so that R\{f){y) has 
degree d and it is never divisible by y. 

If tt' = yOTT is another prime element of O, and c = p G F*, the residual coefficients 
of N7{f) with respect to tt' satisfy c^ — CiC~^' , so that the corresponding residual 
polynomial R'^{f){y) is equal to c~^Rx{f){c'^y). 

We can define in a completely analogous way the residual polynomial of f{x) 
with respect to a side T, which is not necessarily a A-component of N7[f). 

Definition 1.10. Let T G S{X) be an arbitrary side of slope A, with abscissas 
So £ si for the end points, and let d' = d{T). We say that the polynomial f{x) lies 
above T if all points of N7{f) with integer abscissa sq < i < si lie above T; in this 
case we define 

Rxif, T){y) := Cs„ + C^o+e 2/ H h Cso+(rf'-i)e v"^ "^ + C^o+d'e / G IF^M, 

where Ci — Ci if (i, Ui) lies on T and Q = otherwise. 

Thus, if all points of Sx{f) lie strictly above T we have Rx{f,T){y) = 0. Note 
that deg R\{f,T){y) < d' and equality holds if and only if the final point of T 
belongs to S\{f). Usually, T will be an enlargement of S\{f) and then, 

(2) TD5a(/) =^ Rx{f,T){y)^y(-^-^<'y'^Rx{f){y), 
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where s is the abscissa of the initial point of S\{f). 




The motivation for this more general definition lies in the bad behaviour of the 
residual polynomial R\{f){y) with respect to sums. Nevertheless, if T is a fixed 
side and f{x), g{x) lie both above T, it is clear that f{x) + g{x) lies above T and 

(3) Rxil + 5, T){v) = i?A(/, T){v) + Rx[g, T){y). 

1.3. Admissible ^-developments and Theorem of the product. Let 

(4) ,f{x) = Y,<{^)'t^{^)\ <{x)^0[x], 

j>0 

be a ^-development of f{x), not necessarily the (/)-adic one. Take u[ — v{a[{x)), 
and let N' be the principal polygon of the set of points (?,Mi). Let ii be the first 
abscissa with a[ {x) ^ 0. To any ii < i < £{N') we attach a residual coefficient as 
before: 



0, 



red 



<ix) 



if (J, u^) lies strictly above N', 
if (i, u[) lies on N' 



For the points {i,u[) lying on N' we can have now c^ — 0; for instance, in the 
case ao(x) — /(x), the Newton polygon has only one point (0,i;(/)) and cf, = if 
f{x)/-K'"^^^ is divisible by (j){x) modulo m. 

Finally, for any negative rational number A = —h/e as above, we can define the 
residual polynomial attached to the A-component S' — S\{N') to be 

R'x{f){v) ■■= d, + c',,+, y + • • ■ + c;,+(,,_i), /-I + c;,+,,, / e F^y], 

where d! — d{S') and s' is the abscissa of the initial point of S' . 

Definition 1.11. We say that the (p- development Q) is admissible if for each abs- 
cissa i of a vertex of N' we have c'^ 7^ 0. 

Lemma 1.12. // a (j)- development is admissible, then N' = ^diif) '^'^^ '^i ~ '^^ 
for all abscissas i of the finite part of N' . In particular, for any negative rational 
number A we have R'\{f){y) = R\{f){y)- 

Proof. Consider the (/)-adic developments of f{x) and each a[{x): 
fix) = ^ai{x)(l>{xy, a'iix) = ^bi.k{x)(j){x)''. 

0<i 0<fe 

By the uniqueness of the c/j-adic development we have 



(5) 



ai{x) = Y] bi-k^ix). 



0<k<i 
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Clearly, Wi^k '■= v{hi^k) > u[, for all < fc, < z < £{N'). In particular, all points 
{i,Ui) lie above N'; in fact, for some < fco < «, we have 

(6) Ui = v{ai) > min {wi-k,k} = Wi^koM > K^k„ > Vi-koiN') > yi{N'). 

0<k<i 

From now on, i will be an integer abscissa of the finite part of N' . Clearly, 

(7) w,^k,k > u',_f, > y^-k{N') > y,{N'), 

for any < k <i. Also, for the abscissas i with u'^ = yi{N') we have 

(8) 4 = red(a:(x)/7r<) = red(6,,o(a;)A"'0- 

Now, if (i, u'^) is a vertex of iV' we have c^ 7^ by hypothesis, and from ([5]) we 
get yi{N') — w,- = Wifi. By ([7]) and (O we have Ui — wi^ = m,-. This shows that 
N' — N7{f). Let us denote this common polygon by N. 

Finally, let us prove the equality of all residual coefficients. If c^ ^ 0, then 
Ui = yi{N), and from ^ we get fcg = and Ui = Wi^ = u'^. By ([7]), ([5]) and ([H]), 
we get Ci = red(ai(a:)/7r"') = T:eA{hi^o{x)/'n^^) = c\. If Ci = 0, then m > yi{N), and 
from ^ and ^ we get Wi^ > yi{N) too. By ^ we get c- = 0. D 

The construction of the principal part of the 0-Ncwton polygon of a polynomial 
can be interpreted as a mapping 

N^:O[x]\{0}^VP, fix) ^N- if). 

Also, for any negative rational number A, the construction of the residual polyno- 
mial attached to A can be interpreted as a mapping 

Rx : 0[x] \ {0} -^ ¥^[y] \ {0}, f{x) ^ Rx{f){y). 

The Theorem of the product says that both mappings are semigroup homomor- 
phisms. 

Theorem 1.13 (Theorem of the product). For any f{x),g{x) G 0[x] \ {0} and 
any A G Q^ we have 

N^ifg) - N:^{f) + N^{9), Rx{f9){y) = RxU){y)Rxi9){y)- 

Proof. Consider the respective 0-adic developments 

/(^) ^^'^ti^)(t>i^)\ 9{x) =^bj{x)(t){xy, 

0<i 0<j 

and denote Ui = v{ai{x)), v^ = v{bj{x)), Nf = N^{f), Ng = N^{g). Then, 

(9) f{x)g{x)=^Ak{x)(t){xf, Ak{x)= ^ a,{x)hj{x). 

a<k i+j=k 

Denote by N' the principal part of the Newton polygon of fg, determined by this 
(/)-development. 

We shall show that N' — Nf + Ng, that this ^-development is admissible, and 
that R'^{fg) = R\{f)R\{g) for all A. The theorem will be then a consequence of 
Lemma 11.121 

Let Wk '■= v{Ak{x)) for all < fc. Lemma [1741 shows that the point (i, Ui) + (j, Vj) 
lies above Nf + Ng for any i, j > 0. Since Wk > min{ui + Vj,i + j — fc}, the points 
(fc, Wk) lie all above Nf + Ng. On the other hand, let Pk ~ (fc, yk{Nf + Ng)) be a 
vertex of Nf + Ng-, that is, Pk is the end point of 5i H [-Sr+TiA h T^, for 
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certain sides Si of Nf and Tj of Ng , ordered by increasing slopes among all sides 
of Nf and Ng. By Lemma Fl. 4) for all pairs (i,j) such that i + j = k, the point 
{i, Ui) + (j, Vj) hes strictly above Nf + Ng except for the pair zq = ^(^i + ■ ■ ■ + Sr), 
jo = i{Ti H h Ts) that satisfies (io, Ui^) + {jo,Vjo) = Pk- Thus, (fc, Wk) = Pk and 

-d { t^%, ] = red f ^-oWM^A ^ ^^d f ^4^) red f ^^^^ ^ 0. 

This shows that N' — Nf + Ng and that the ^-development (O is admisible. 

Finally, by H]), the A-components S" = S'A(iV'), Sf = Sx{Nf), Sg = Sx{Ng) are 
related by: S' — Sf + Sg. Let {k,yk{N')) be a point of integer coordinates lying 
on S' (not necessarily a vertex). Denote by / the set of the pairs {i,j) such that 
{i,Ui) lies on Sf, [j,Vj) lies on Sg, and i + j = k. Take P(a;) = X^/j ^^^j ai{x)bj{x). 
By Lemma [Ol for all other pairs (i, j) with i+j = k, the point (i, Ui) + (j, Vj) hes 
strictly above TV'. Therefore, c'^^{fg) = red(P(a;)/7ry^(^')) = E(ij)e/ c,(/)cj(g). 
This shows that i?^(/g)(y) = i?A(./)(2;)i?A (5) (y). ' □ 

Notation. Let J^ he a field and y{j/), ip{y) G .?"[y] iwo polynomials. We write 
ipijj) ^ i^iy) to indicate that there exists a constant c G J^* such that ip{y) = cij}{y). 

Corollary 1.14. Let f{x) G 0[x] be a monic polynomial. Let 4>i{x), . . . , 4>r{x) he 
monic polyomials in 0[x] such that their reductions modulo m are pairwise different 
irreducible polynomials of F [x\ and 

fix) = 0i(x)"i • • • (l>r{x)"'- (mod m). 

Let fix) = Fiix) ■ ■ ■ Frix) be the factorization into a product of monic polynomials 
of 0[x] satisfying FiiX) = (f>iix)"^ (mod m), provided by HenseVs lemma. Then, 

N<pAF^) = N:^^F^) = N^M)^ Rx{F^}{y) ^ Rx{f){y), 

for all 1 < i < r and all A G Q^ . 

Proof. For any 1 < i < r, let G'i(x) = Yljj^iFjix). Since (f>iix) does not divide 
Giix) modulo m, the principal (/)i-Newton polygon of Giix) reduces to the point 
(0,0). By the Theorem of the product, N~if) = N-^iF,)+N-^iG,) = N^^iF,). On 
the other hand, N^-iFi) = iV7(Fi) because both polygons have length n.^. Now, 
for any A G Q~, S\iGi) is a point and R\iGi)iy) is a nonzero constant. By the 
Theorem of the product, Rxif)iy) = RxiF,)iy)RxiG,)iy) ^ RxiF^)iy). D 

1.4. Theorems of the polygon and of the residual polynomial. Let /(x) G 
0[x] be a monic polynomial divisible by (t>ix) modulo m. By Hensel's lemma, fix) = 
f^ix)Gix) in 0[x\, with monic polynomials f,pix), G(x) such that red(G(a;)) 7^ 
and f^ix) = (pix)^ (mod m). The aim of this section is to obtain a further factori- 
zation of f(j,ix) and certain arithmetic data about the factors. Thanks to Corollary 
11.141 we shall be able to read this information directly on fix); more precisely, on 
N^{f) = N4U) and Rxif)iy) -^ Rxif4,)iy)- 

Theorem 1.15 (Theorem of the polygon). Let fix) G 0[x] be a monic polynomial 
divisible by 4>ix) modulo m. Suppose that NVif) = Si + ■ ■ ■ + Sg has g sides with 
pairwise different slopes Ai, . . . , Ag. Then, /^(x) admits a factorization in 0[x] into 
a product of g monic polynomials 

f4x)^Fiix) Fgix), 
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such that, for all 1 < i < g , 

(1) N^{Fi) — SI is one-sided, and S[ is equal to Si up to a translation, 

(2) If Si has finite slope Xi, then Rxi{Fi){y) ~ i?A, (/)(?/), 

(3) For any root 9 € Qp of Fi{x), we have w((/)(6')) = |Ai|. 

Proof. By the Theorem of the product and CoroUary 11.141 it is sufficient to show 
that if F{x) := f^{x) is irreducible, then N^{F) = 5 is one-sided and the roots 
G Qp have all v{(j){9)) equal to minus the slope of S. 

In fact, for all the roots G Qp of F{x), the rational number v{(j){9)) takes the 
same value because the p-adic valuation is invariant under the Galois action. Since 
F{x) is congruent to a power of (j){x) modulo m we have A := —v{(f){9)) < 0. We 
have A = — oo if and only if F{x) = 4>{x), and in this case the theorem is clear. 
Suppose A is finite. 

Let x'' + bk-ix''~^ + • • ■ + &o G CN be the minimal polynomial of (j){9) and let 
Q(x) = 0(a;)'=+6fe_i(/)(x)*=-i + --- + 6o- We have t;(6o) = A;|A| &ndv{b,) > {k-i)\X\ 
for all i; this imphes that N^{Q) is one-sided with slope A. Since Q{9) — 0, our 
polynomial F{x) is an irreducible factor of Q{x) and by the Theorem of the product 
N^{F) is also one-sided with slope A. D 

We note that the factor corresponding to a side Si of slope — oo is necessarily 
F,{x) = 0(a;)°'''i*(/) (cf. Remark [TTl) . 

Let A = —h/e, with h, e coprime positive integers, be a negative rational number 
such that S :— Sx{f) has positive length. Let f4,,x{x) be the factor of f{x), corres- 
ponding to the pair 0, A by the Theorem of the polygon. Choose a root e Qj, of 
fct>.\{x) and let L — K{9). Since v{(f){9)) > 0, we can consider an embedding 

(10) 0[x]/{Tr,^{x))^¥^^¥L, red{x)^9. 

Thus, a polynomial P{x) G 0[x] satisfies v{P{9)) > if and only if P(a;) is divisible 
by (f>{x) modulo m. This embedding depends on the choice of 9 (and not only on L). 
After this identification of F^ with a subficld of ¥l we can think that all residual 
polynomials have coefficients in F^. The Theorem of the polygon yields certain 
arithmetic information on the field L. 

Corollary 1.16. With the above notations, the residual degree f{L/K) is divisible 
by m — Aeg<j){x), and the ramification index e[L/K) is divisible by e. Moreover, the 
number of irreducible factors of f^_\{x) is at most d{S); in particular, if d{S) = 1 
the polynomial f^^\{x) is irreducible in 0[x\, and f{L/K) = m, e{L/K) — e. 

Proof. The statement on the residual degree is a consequence of the embedding 
(fTU)l . By the theorem of the polygon, vl{(J>{&)) — e{L/K)h/e. Since this is an 
integer and h,e are coprime, necessarily e divides e{L/K). The upper bound for 
the number of irreducible factors is a consequence of the Theorem of the product. 
Finally, if d{S) = 1, we have me — deg{f^_x{x)) = f{L/K)e{L/K), and necessarily 
f{L/K) = m and e{L/K) = e. ' D 

Let 7(x) := (t){xY /t:^ e K[x]. Note that v{^{9)) = 0; in particular, 7(6*) e Ol. 

Proposition 1.17 (Computation oiv{P{9)) with the polygon). We keep the above 
notations for f{x), A = —h/e, 9, L, 7, and the embedding F^ C F^ of i fJO)) . Let 
P{x) G 0[x] be a nonzero polynomial, S = S\{P), Lx the line of slope A that 
contains S , and H the ordinate of the intersection of this line with the vertical axis. 
Then, 
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(1) v{p^9)) > 0, PHO) = R^{p){^ie)), 

(2) v{p{e) -~p"{e)) > H. 

(3) v{P{e)) > H, and equality holds if and only tf Rx{P)(^) ^ 0, 

(4) R^if)iW))^0- 

(5) // R\{f){y) ~ ^(y)" for an irreducible polynomial ijj^y) G ]F(/)[2/]; then 
viP{d)) ^H if and only if ijj{y) \ RxiP){y) m W^. 

Proof. Let P{x) — J2o<i^i(^)4'(^y ^^ ^^^ 0-adic development of P{x), and denote 
u, = v{b,), N = N-{P). Recall that P^{x) = (I){x)-'7t-"P°{x), where {s,u) are 
the coordinates of the initial point of S, and P'^{x) = J^a u)£S bi{^)4'{^)'' ■ Hence, 
for d — d{S) we have 

PS^X) = ^-" {bs{x) + bs+e{x)4>{xY + ■■■+ hs+de4>{xY'') 

= M^ + ^^7(:^) + ■ • • + ^'^'f^li^f- 

Since w(&s+ie) > ys+ie{N) = u — hi for all 1 < z < d, the two statements of item 1 
are clear. 

All points of N lie above the line Lx\ hence, for any integer abscissa i 

v{b,{e)c^{ey) = u, + i-> y,{N) + i->h, 

e e 

and equality holds if and only if {i,Ui) G 5. This proves item 2. Also, this shows 
that v{P{e)) > H. Since u((?!)(6')"7r") = u + sh/e = H, we have 

v{P{d))=H ^=^ v{P\d))=H ^=^ v{P^{e)) = {) ^=^ i?A(-P)(7W)^0, 

the last equivalence by item 1. This proves item 3. 




Since f{9) = 0, item 4 is a consequence of item 3 applied to P{x) = f{x). Finally, 
if R\{f){y) ^ "0(2/)", then V'(2/) is the minimal polynomial of ^{9) over F^, by item 
4. Hence, Rx{P)(y(9)) 7^ is equivalent to ?A(y) ] Rx{P){y) in W^y]. D 

We discuss now how Newton polygons and residual polynomials are affected by 
an extension of the base field by an unramified extension. 

Lemma 1.18. We keep the above notations for f{x), A = — /i/e, 0, L. Let K' C L 
be the unramified extension of K of degree m, and identify F^ = ¥k' through the 
embedding mU\) . Let G{x) € Ok'[x] be the minimal polynomial of 9 over K' . Let 
4>'{x) = X — T], where rj G K' is the unique root of (j){x) such that G{x) is divisible 
by X — T] modulo m-K'- Then, for any nonzero polynomial P{x) S 0[x\: 

N.,{P) = N.{P), R'x{P){y) - e^Rx{PWy). 
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where R' denotes the residual polynomial with respect to (j)' {x) over K' , e € F|^, 
does not depend on P{x), and s is the initial abscissa of Sx{P)- 

Proof. Consider the (f)-adic development of P{x): 

P{x) = ^{xY' + a„_i(x)0(x)"-i + • • • + ao{x) = 

= pixr^'ixr + a„_i(a:)p(a;)"- V'(a;)"-^ + • • • + ao{x), 

where p{x) — <l){x) / cj)' [x) G Ok'[x\. Since (f){x) is irreducible modulo m, it is a 
separable polynomial modulo xxik', so that p{x) is not divisible by 4''{x) modulo 
mx', and v{p{9)) = 0. Therefore, the above 0'(a;)-developmcnt of P(a;) is admissible 
and NT, (P) — NT [P] by Lemma 11.121 Moreover the residual coefficients of the 

two polygons are related by c[ — Cie^, where e = p{9) e ^k'- This proves that 
R'x{P)iy) = e'Rx{P){e-y). □ 

Theorem 1.19 (Theorem of the residual polynomial). Let f{x) G 0[x\ he a monic 
polynomial which is divisible by 4>{x) modulo m. Let S be a side of NT{f), of finite 
slope X, and let 

Rx{f)iy)-Myr---Myr 

be the factorization of the residual polynomial of f{x) into the product of powers of 
pairwise different monic irreducible polynomials in¥^[y]. Then, the factor f(f,_\{x) 
of fix), attached to (j),\ by the Theorem of the polygon, admits a factorization 

f^,x{x)^Gi{x)---Gt{x) 

into a product oft monic polynomials in 0[x\, such that all N^{Gi) are one-sided 
with slope \, and R\{Gi){y) ~ V'i(y)'^' ''^ ^^^iylj for all 1 < i <t. 

Proof. By the Theorem of the product, we need only to prove that if F(a;) := fcf,.\{x) 
is irreducible, then Rx(F){y) is the power of an irreducible polynomial of F0[2/]. Let 
9, L, K', G{x) be as in Lemma H. 181 so that F{x) — YlcreGaUK' /k) G'^{x). Under 
the embedding F^ — > Fl , the field F^ is identified to ¥k' ■ By Lemma 11.181 there 
is a polynomial of degree one, 0'(a;) G Ok'[x\, such that R'^{F){y) ~ R\{F){cy), 
for some nonzero constant c G F^'. For any a ^ 1, the polynomial G'^{x) is not 
divisible by 0'(a;) modulo m^'; thus, Ntpi{G'^) is reduced to a point, and R'^{G'^){y) 
is a constant. Therefore, by the Theorem of the product, R')^{G){y) ~ R')^{F){y) ^ 
Rx{F){cy), so that Rx{F){y) is the power of an irreducible polynomial of W^[y] if 
and only if R'^{G){y) has the same property over F^/. In conclusion, by extending 
the base field, we can suppose that degcj) — m = I. 

Consider now the minimal polynomial P{x) = x'^ + b^-ix^^^ + ■ ■ ■ + bo G K[x] 
of 7(61) = 4'{9y/TT^ over K. Since v{-f{9)) = 0, we have v{bo) = 0. Thus, the 
polynomial 

Q{x) = ^{xy'' + ^"fefc_i0(x)'^('=-i) + • • • + tt'^Ho, 
has one-sided NT{Q) of slope A, and Rx{Q){y) is the reduction of P{y) modulo m, 
which is the power of an irreducible polynomial because P{x) is irreducible in K[x\. 
Since Q{9) = 0, F{x) divides Q{x), and it has the same property by the Theorem 
of the product. D 

Corollary 1.20. With the above notations, let 9 G Qp be a root of Gi(x), and L = 
K{9). Then, f{L/K) is divisible by mdegipi. Moreover, the number of irreducible 
factors of Gi{x) is at most m; in particular, if ai = 1, then Gi{x) is irreducible in 
0[x], and f{L/K) ^mdegi>^, e{L/K) = e. 
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Proof. The statement about f{L/K) is a consequence of the embedding of the finite 
field ¥^[y]/{'i(ji{y)) into F^ determined by red(a;) ^^ 6, y i-^ l{S). This embedding is 
well-defined by item 4 of Proposition I l.f 71 The other statements are a consequence 
of the Theorem of the product and Corollary If .161 D 

1.5. Types of order one. Starting with a monic and separable polynomial f{x) S 
0[x\, the Newton polygon techniques provide partial information on the factoriza- 
tion of f{x) in 0[x], obtained after three dissections |Ber27j . In the first dissection 
we obtain as many factors of f{x) as pairwise different irreducible factors modulo 
m (by Hensel's lemma). In the second dissection, each of these factors splits into 
the product of as many factors as sides of certain Newton polygon of f{x) (by the 
Theorem of the polygon). In the third dissection, the factor that corresponds to a 
side of finite slope splits into the product of as many factors as irreducible factors 
of the residual polynomial of f{x) attached to this side (by the Theorem of the 
residual polynomial). 

The final list of factors of f{x) obtained by this procedure can be parameterized 
by certain data, which we call types of order zero and of order one. 

Definition 1.21. A type of order zero is a monic irreducible polynomial t — 
ipo{y) G F[j/]. We attach to any type of order zero the map 



w*: 0[x] \ {0} ^ Z>o, Fix) ^ 0Td^,{P{x)/7r-(P)). 

Let f{x) e 0[x] be a monic and separable polynomial. We say that the type t 
is f -complete if uj^{f) = 1. In this case, we denote by ft{x) £ 0[x] the monic 
irreducible factor of f{x) determined by ft{y) = i'aiy) (mod m). 

Definition 1.22. A type of order one is a triple t = {4>{x); X,ip{y)), where 

(1) 4'{x) G Z[x] is a monic polynomial which is irreducible modulo m. 

(2) A — —h/e G Q^, with /i, e positive coprime integers. 

(3) Tpiy) G '¥(i}[y] is a monic irreducible polynomial, ipiv) 7^ V- 

By truncation of t we obtain the type of order zero to '■— 4>{y) (mod m). 

We denote by to(/) the set of all monic irreducible factors of f{x) modulo m. We 
denote by ti (/) the set of all types of order one obtained from f{x) along the process 
of applying the three classical dissections: for any non- /-complete ip{){y) £ to(/), 
we take a monic lift 0(a;) to 0[x\; then we consider all finite slopes A of the sides 
of positive length of N7{f), and finally, for each of them we take the different 
monic irreducible factors ^^{y) of the residual polynomial Rx{f){y) G F0[?;]. These 
types are not intrinsical objects of f{x). There is a non-canonical choice of the lifts 
4>{x) G 0[x], and the data A, ip(y) depend on this choice. 

We denote by Ti(/) the union of ti(/) and the set of all /-complete types of 
order zero. By the previous results we have a factorization in 0[x] 

f{x)^f^{x) n /t(^). 

teTi(/) 

where fooix) is the product of the different (f>{x) that divide f{x) in 0[x], and, if 
t has order one, ft{x) is the unique monic divisor of f{x) in 0[x] satisfying the 
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following properties: 

ft{x) = 0(x)^'^dcg^ (j^o^ ^)^ ^i^gj.g „ ^ ord^(i?A(/)), 
-^^(/t) is one-sided with slope A, 

The factor foc{x) is already expressed as a product of irreducible polynomials in 
0[x]. Also, if a = 1, the Theorem of the residual polynomial shows that ft{x) 
is irreducible too. Thus, the remaining task is to obtain the further factorization 
of ft{x), for the types t e ti(/) with a > 1. The factors of ft{x) will bear a 
reminiscence of t as a birth mark (cf . Lemma 12. 4p . 

Once a type of order one t — {4>{x); X,ip{y)) is fixed, we change the notation of 
several objects that depend on the data of the type. We omit the data from the 
notation but we include the subscript "1" to emphasize that they are objects of the 
first order. From now on, for any nonzero polynomial P{x) e 0[x], any principal 
polygon N e VP, and any T e S{X), we shall denote 



ViiP) := «(P), c^i(P) :- u;HP) = OYd^{P{x)/n-(P'>), 

N,{P) -.^ N4P), N-iP):^N-iP), 

Si{N) := Sx{N), Si{P) := Sx{P) = Sx{N^{P)), 

Ri{P)iy) := Rx{P)iy), Ri{P,T){y) := Rx{P,T)iy). 

Note that uji{P),Ni{P) depend only on (f>{x), wheras Si{P), Ri{P), Ri{P,T) de- 
pend on the pair (j){x), A. 

The aim of the next two sections is to introduce Newton polygons of higher 
order and prove similar theorems, yielding information on a further factorization of 
each ft{x). As before, we shall obtain arithmetic information about the factors of 
ft{x) just by a direct manipulation of f{x), without actually computing a p-adic 
approximation to these factors. This fact is crucial to ensure that the whole process 
has a low complexity. However, once an irreducible factor of f{x) is "detected", 
the theory provides a reasonable approximation of this factor as a by-product (cf. 
Proposition I3.12p . 

2. Newton polygons of higher order 

Throughout this section, r is an integer, r > 2. We shall construct Newton 
polygons of order r and prove their basic properties and the Theorem of the product 
in order r, under the assumption that analogous results have been already obtained 
in orders 1, . . . , r — 1. We also assume that the theorems of the polygon and of the 
residual polynomial have been proved in orders 1, . . . , r — 1 (cf. section [3]). For 
r = 1 all these results have been proved in section [TJ 

2.1. Types of order r — 1. A type of order r — 1 is a sequence of data 

t = (0i(a;); Ai,02(x);-- • ; Ar_2, 0r-i(a;); A^-i, '0r-i(y)), 

where (l)i{x) are monic polynomials in 0[x], Xi are negative rational numbers and 
ipr-i{y) is a polynomial over certain finite field (to be specified below), that satisfy 
the following recursive properties: 

(1) (f>i{x) is irreducible modulo m. We denote by V'o(y) G ^[y] the polynomial 
obtained by reduction of (/)i(y) modulo m. We define Fi := P[y]/{'ipo{y))- 



NEWTON POLYGONS OF HIGHER ORDER IN ALGEBRAIC NUMBER THEORY 17 

(2) For all 1 < i < r — 1, the Newton polygon of i-th order, Ni{(j)i+i), is 
one-sided, with positive length and slope Xi. 

(3) For all 1 < i < r — 1, the residual polynomial of i-th order, Ri{(j)i+i){y), 
is an irreducible polynomial in FJj/]. We denote by ipi{y) G '^i[y] the 
monic polynomial determined by Ri{(j)i+i){y) ^ ipi{y)- We define F^+i :— 

UvViUy))- 

(4) ipr-iiy) G Fj.-i[y] is a monic irreducible polynomial, ipr-i{y) ^ y- We 
define F,:=F,_i[y]/(V'r-i(y)). 

The type determines a tower F =: Fg C Fi C • • • C F^ of finite fields. The field 
Fi should not be confused with the finite field with i elements. 

By the Theorem of the product in orders 1, . . . , r — 1, the polynomials (j}i{x) are 
all irreducible over 0[x\. 

Let us be more precise about the meaning of Ni{—), Ri{—), used in items 2,3. 

Notation. We denote tp — ^^{y). For all 1 < i < r, we obtain by truncation oft 
a type of order i, and a reduced type of order i, defined respectively as: 

ti := {(f)i{x)-Xi,(l)2{x);-- ■ ; Ai_i,0i(a;); Ai,V'i(y)), 

t" := {(f>i{x);Xi,(l)2{x);- ■■ ;X^-l,(f)i{x)■, X.,). 
Also, we define the extension of the type ti_i to be 

ti_i := (0i(x); Ai,02(a;);-- • ;Xi-i,(f>i{x)). 
We have semigroup homomorphisms: 

Nr:O[x]\{0}^VP, S,: O[x]\{0} ^ S{X,), R,: O[x]\{0} -^ ¥,[y]. 

For any nonzero polynomial P{x) £ 0[x\, Ni{P) is the i-th order Newton polygon 
with respect to the extended type ti_i, Si{P) is the Xi-component of N~{P), and 
Ri{P){y) G Fj[y] is the residual polynomial of i-th order with respect to A,;. The 
polynomial Ri{P)(y) has degree d(Si{P)). Both Si and Ri depend only on the 
reduced type t^. Finally, we denote by Si{P) the initial abscissa of Si{P). 

Other data attached to the type t deserve an specific notation. For all 1 < i < r: 

• Xi = —hi/ci, with Ci, hi positive coprime integers, 

• fi ■■= degtptiy), /o := deg'0o(y) = deg(f>i{x), 

• rrii := deg(f>i{x), and rur :— 771^-16^-1/^-1- Note that rrii+i = miCifi — 
mieifi ■ ■ -Cifi, 

• £i, ^^ G Z are fixed integers such that £ihi — fyn = 1, 

• z,:=y (mod ^^{y)) G ¥*^^, zq := y (mod Vo(y)) G F^. Note that F,+i ^ 
F.(z,), 

Also, for all < i < r we have semigroup homomorphisms 

w.+i : 0[x\ \ {0} -^ Z>o, P{x) ^ ord^, {R^{P)), 



where, by convention: Ro{P) — P{y)/Tr^^^^ G F[j/]. By Lemma [2 .171 in order r — 1 
(see Definition 11.81 and Remark 11.71 for order one) : 

(11) i{N,{P)) ^Ideg P/m,\, i{Nr{P))^u:,{P), l<i<r, 

and Nf{P) has a side of slope —00 if and only if P{x) is divisible by 0i(a;) in 0[x]. 

Definition 2.1. We say that a monic polynomial P{x) £ 0[x] has type t when 
(1) P{x) = (?!)i(a;)°'' (mod m), for some positive integer ag. 
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(2) For all 1 <i <r, the Newton polygon Ni{P) is one-sided, of slope \i, and 
Ri{P){y) ^ V'j(y)"' ''^ It^i[y]; for some positive integer ai. 

Lemma 2.2. Let P{x) G 0[x\ be a nonzero polynomial. Then, 

(1) c^i(P) > ei/iW2(P) > • • • > ei/i • • • er-Jr-iMP)- 

(2) degP <mr ^ ujr{P) = 0. 

(3) // P{x) has type t then all inequalities in item 1 are equalities, and 

degP(x) — mrLOr{P) — nir-lUJr-l{P) = ■ ■ ■ = miUJi(P). 

Proof. Item 1 is a consequence of (fTTj): in fact, for all 1 < « < r: 

(12) e,/,w,+i(P) < e,degi?,(P) = e,d(5,(P)) = i{S,{P)) < i{Nr (P)) = c^,(P). 
Item 2 is a consequence of (|TT|) and item 1: 

rUr > degP > mr-lLOr~l{P) > nirLJr{P)- 

Finally, if P{x) has type t the two inequalities of p^ are equalities, so that 
miUJi{P) — 77ii+iti;j_|_i(P); on the other hand, degP = miOo = niiLOi{P). D 

Definition 2.3. Let P{x) £ 0[x] he a monic polynomial with Ldr{P) > 0. We 
denote by Pt{x) the monic factor of P{x) of greatest degree that has type t. By the 
Theorems of the polygon and of the residual polynomial in orders 1, . . . , r — 1, this 
factor exists and it satisfies 

(13) LUr{Pt) - LOr{P), dcg Pt = TO,W,(P). 

Lemma 2.4. Let P{x), Q{x) G 0[x\ he monic polynomials of positive degree. 

(1) If P{x) is irreducible in 0[x], then it is of type t if and only if uJr{P) > 0. 

(2) P{x) is of type t if and only ifdegP — mrUJr{P) > 0. 

(3) P{x)Q{x) has type t if and only if P[x) and Q{x) have both type t. 

Proof. The polynomial P{x) is of type t if and only iiLOr{P) > and Pt{x) — P{x); 
thus, items 1 and 2 are an immediate consequence of (J13p . Item 3 follows from the 
Theorem of the product in orders 1, . . . , r — 1. D 

We fix a type t of order r — 1 for the rest of section [51 

2.2. The p-adic valuation of r-th order. In this paragraph we shall attach to 
t a discrete valuation Vr : K(x)* — > Z, that restricted to K extends v with index 
ei • • ■ Cr-i- We need only to define Vr on 0[x]. Consider the mapping 

Hr-l ■ S{Xr-l) — > Z>o, 

that assigns to each side S G S{Xr-i) the ordinate of the point of intersection of 
the vertical axis with the line L\^_-^ of slope \r-i that contains S. If {i,u) is any 
point of integer coordinates lying on S*, then Hr-i{S) — u + |Aj.-i|i; thus, -ff^-i is 
a semigroup homomorphism. 

Definition 2.5. For any nonzero polynomial P{x) G 0[x\, we define 

Vr{P):^er-lHr-l{Sr-l{P)). 

Note that Vr depends only on the reduced type t" . 



NEWTON POLYGONS OF HIGHER ORDER IN ALGEBRAIC NUMBER THEORY 19 



Vr{P)/er 



Nr-l{P) 




Proposition 2.6. The natural extension of Vr to K{x)* 
whose restriction to K* extends v with index e\- ■ ■ e^-i- 



discrete valuation, 



Proof. The mapping Vr restricted to 0[x] \ {0} is a semigroup homomorphism, 
because it is the composition of three semigroup homomorphisms; in particular, 
Vr' K{x)* — > Z is a group homomorphism. 

Let P{x), Q{x) G 0[x\ be two nonzero polynomials and denote Np = N^_^{P), 
Nq = N~_^{Q), Lp = Lx^_,{Np), Lq = Lx^_ANq) (cf. Definition [L5l). All 
points of Np lie above the line Lp and all points of Nq lie above the line Lq. If 
Vr{P) < Vr{Q), all points of both polygons lie above the line Lp. Thus, all points 
of N~_^{P + Q) He above this Hue too, and this shows that Vr{P + Q) > Vr{P). 

Finally, for any a € O, we have Vr{a) — er-iVr-i{a) by definition, since the 
(r — l)-th order Newton polygon of a is the single point {Q,Vr-i{a)). D 

This valuation was introduced by S. MacLane without using Newton polygons 
|McL36aj . |McL36b| . In |Mon99| Ch.2,§2], J. Montes computed explicit generators 
of the residue field of Vr as a transcendental extension of a finite field. These results 
lead to a more conceptual and elegant definition of residual polynomials in higher 
order, as the reductions modulo tv of the virtual factors. However, we shall not 
follow this approach, in order not to burden the paper with more technicalities. 

The next proposition gathers the basic properties of this discrete valuation. 

Proposition 2.7. Let P{x) G 0[x\ be a nonzero polynomial. 

(1) Vr{P) > er-iVr-i{P) and equality holds if and only if ujj.-i{P) = 0. 

(2) Vr{P) — if and only if V2{P) — if and only if ied{P) ^ 0. 

(3) If P{x) — '^Q<^iOi{x)(l)r-i{xy is the <j)r-i-adic development of P{x), 



VriP) 

(4) VricjJ^ 



TmTi{vj.{ai{x)(j)j, 

0<2 



dxY)} 



_1 imii\Vr 
Q<i 



l{ai) + iiVr^i{(f>r^l) + \Xr 



then 
il)}- 



i) 



-iVr 



l) + K- 



Proof. We denote N = N^_j^{P) throughout the proof. By (I) of Lemma 12.171 in 
order r — 1, all points of N lie above the horizontal line with ordinate Vr-i{P). 
Hence, Vr{P) > er-iVr-i{P). Equality holds if and only if the first point of N is 
{0,Vr-i{Pj); this is equivalent to iVr-iiP) — 0, by (fTT|) . This proves item 1. 

Vr{P}/e. 



A,,_i 
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By a recurrent aplication of item 1, Vr{P) = is equivalent to vi(P) = and 
0Ji{P) = ■ ■ ■ = LOr-i{P) = 0. By Lemma [2.21 this is equivalent to vi{P) = and 
uJi{P) = 0, which is equivalent to V2{P) = 0, and also to P{x) ^ (tt, 0i(a;)). This 
proves item 2. 



Vr{ai{x)4>r-iixy)/e 



Vr(P)/er 




._lW 



By definition, Vr{ai{x)(j)r~i{xY) is e.r^i times the ordinate at the origin of the 
line L that has slope A^-i and passes through {i,Vr-i{ai{x)4>r-i{xy))- Since all 
points of TV lie above the line L\^_^{N), the line L lies above L\^_^{N) too, and 
Vr{ai(x)(l)r^i{xy) > Vr{P). Since Vr is a valuation, this proves item 3, and item 4 
is a particular case. D 

In a natural way, Ur induces a group homomorphism from K{x)* to Z, but 
it is not a discrete valuation of this field. For instance, for K — Qp, n — p, 
t = {x; — l,y + 1) and P{x) = x + p, Q{x) = x +p + p'^, we have 



i?i(P)=y + l, 

i02{P) = 1, 



Ri{Q) = y+l, 



Ri{P-Q) = l, 

UJ2{P-Q)=0. 



However, we shall say that tOj. is a pseudo-valuation with respect to v^] this is justified 
by the following properties of lu^ . 

Proposition 2.8. Let P{x), Q{x) G 0[x] be two nonzero polynomials such that 
Vr{P) = Vr{Q). Then, 

(1) Vr{P - Q) > Vr{P) if and only if Sr-i{P) - Sr-i{Q) and Rr-i{P) = 
Rr-iiQ)- In particular, uJr{P) = ^r{Q) *^ this case. 

(2) If uJr(P) ^ LOriQ) , then LUriP - Q) = inm{uJr{P) , UJr{Q)} . 

Proof Let us denote N = iV~_i(P), N' = 7V7_i(g). Since Vr{P) = Vr{Q), the pa- 
rallel lines iA,._i (N), L\^_^ [N') coincide and we can consider the shortest segment 
T of L-x,_^{N) that contains Sr-i{P) and Sr-i{Q). 



Vr{P)/e 




Lx^_,m 
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By Lemma [2.231 in order r — 1 (cf. ^ in order one): 

(14) Rr-liP ^ Q,T) = Rr-l{P,T) ^ Rr-liQ,T). 

By (fT9)) in order r — 1 (cf. ([2]) in order one), the double condition Sr-i{P) = 
S'r„i(Q), Rr^i{P) = Rr-iiQ), is equivalent to Rr-i{P,T) = Rr^i{Q,T); that is, 
to Rr-i{P — Q,T) — 0. This is equivalent to N~_^{P — Q) lying strictly above 
L\^_i{N), which is equivalent in turn to Vr{P — Q) > Vr{P)- This proves item 1. 

By (IT^ and ^, again, the equality P^ translates into 

y'^Rr-iiP - Q){y) = y'Rr-i{P){y) - y^i?.-i(Q)(y), 

for certain nonnegative integers a, 6, c. Since the residual polynomials are never 
divisible by y, and ipr-i{y) / 2/, from ord^^_j(_Rr-i(^)) < ord^^_j(_Rr-i(Q)) we 
deduce ord^^_i(i?r-i(^ — Q)) = ord^^_^(i?r-i(P)). This proves item 2. D 

We can reinterpret the computation of v{P{9)) given in item 5 of Proposition 
in order r — 1 (cf. Proposition 1 1 . 1 7l for r — 2), in terms of the pair u^, ujr- 



Proposition 2.9. Let 9 e Qp he a root of a polynomial in 0[x\ of type t. Then, 
for any nonzero polynomial P{x) G 0[x\, 

v{P{e)) >Vr{P{x))/ei---er-i, 

and equality holds if and only if lOj.{P) = 0. D 

2.3. Construction of a representative of t. By Lemma 12.21 a nonconstant 
polynomial of type t has degree at least m^. In this section we shall show how 
to construct in a effective (and recursive) way a polynomial (prix) of type t and 
minimal degree nij.. 

We first show how to construct a polynomial with prescribed residual polynomial. 

Proposition 2.10. Let V he an integer, V > er_i/r-ifr(</'r-i)- Let (p{y) £ 
Fr_i[y] be a nonzero polynomial of degree less than fr-i, and let v ~ OTdy{ip). 
Then, we can construct in an effective way a polynomial P{x) S 0[x\ satisfying the 
following properties 

degP{x)<mr, Vr{P) = V, y''Rr-i{P){y) = ip{y). 

Proof. Let L be the line of slope A^-i with ordinate V/cr-i at the origin. By item 
4 of Proposition 12.71 V/cr-i > fr-iVr{4>r-i) > fr-ihr-i; thus, the line L cuts 
the horizontal axis at the abscissa V/hr-i > e^-i/r-i. Let T be the greatest side 
contained in L, whose end points have nonnegative integer coordinates. Let (s,m) 
be the initial point of T and denote Uj := u — jTi^-i, for all < j < /r-i, so that 
(s + je^-i, Uj) lies on L. Clearly, s < e^-i and, for all j, 

(15) j < fr-l, S < Cr-X =^ S+ jCr-l < Cr-lfr-l- 

Hence, (s + jer-i,Uj) lies on T. 

Let ip{y) = I]o<j</,_i '^jV^^ '^i^h Cj G Fr_i. Select polynomials Cj{y) e Fr-2M 
of degree less than fr^2, such that Cj is the class of Cj{y) modulo ?/'r-2(j/), or 
equivalently, Cj(z,._2) = Cj. Let us construct P{x) G 0[x] such that 

degP(x)<m„ Vr{P)^V, v={sr-i{P)-s)/er-i, y''Rr-i{P){y) = v{v)- 

We proceed by induction on r > 2. For r = 2 the polynomials Cj[y) belong to 
F[y]; we abuse of language and denote by Cj{x) G 0[x\ the polynomials obtained 
by choosing arbitrary lifts to O of the nonzero coefficients oicj{y). The polynomial 



22 



GUARDIA, MONTES, AND NART 



P{^) — 'l2o<j<fr-i ^" -''*^Cj(x)0i(a;)'*+^'^i satisfies the required properties. In fact, 
by USD, 

deg{cj{x)4)i{xy^^''^) <mi + (ei/i - l)mi = TO2, 
for all j. For the coefficients Cj = we take Cj{x) = 0. For the coefficients Cj ^ 0, 
we have Cj{y) ^ and v{cj{x)) — 0; hence, v{tt'^~^^^Cj{x)) = u — jhi = Uj. 
Thus, the coefficient ti'^^^^^Cj{x) determines a point of N^{P) lying on T, and 
V2{P) — V. Finally, it is clear by construction that ly = (si(P) — s)/ei and 
2/''i?i(P)(2/)-i?i(P,T)(y) = ^(y). 

Let now r > 3, and suppose that the proposition has been proved for orders 
2, . . . , r — 1. For any < j < fr~i, denote Vj := Uj — (s + jer-i)vr-i(0r-i)- Since 
u ^ {V — shr^i)/er^i, we get 

Vj — {V — (s + jer~i)(er_iWr-i(0r-i) + ^r-i) = (by item 4 of Prop. 12. 7p 



er-i 
1 

Cr-l 
1 



{V-{s+jer-i)vr{<pr-i))> (by USD) 



> (V - (cr-ifr-i - l)w,.(0r-i)) > (by hypothcsis) 

Cr-l 
> Vr{(f>r-l) = Wr-l(0r-l) + — > 1'r-l(0r-l) = er-2/r-2Wr-l (0r-2), 



the last equality by (|16p below, in order r — 1. 

Let Lj be the Hne of slope Ar-2 with ordinate at the origin Vj/er-2- Let T{j) 
be the greatest side contained in Lj, whose end points have nonnegative integer 
coordinates. Let Sj be the initial abscissa of T(j). Consider the unique polynomial 
(Pj{y) & Fr-2[y], of degree less than fr-2, such that 

^,{y) = y(^'-"-^^)/^'-c,(y) (mod Vr-2(y)), 

and let i^j = OTdy{ipj). By induction hypothesis, we are able to construct a polyno- 
mial Pj{x) of degree less than to,._i, with Vr-i{Pj) = Vj, Vj = {sr-2{Pj) —^j) I Cr-2i 
and y"^ Rr-2{P]){y) = Vj{y) in F,._2M- 



Sr-l(P) 




Vj/er-2 



Sr-2(Pj) 




Nr-l{P) 

The polynomial P{x) we are looking for is 



Sj Sr-2{Pj) 

Nr-2{Pj) 



P(X)= }_^ P,{x)c^r-l{xr+''''-' eO[x]. 

t)<3<fr-l 

In fact, by (fT5|) . deg{Pj{x)(j)r-i{xy^-''^''^^) < '7ir-i + (er-i/r-i — l)™i = "^r, for all 

j. If P,(x) ^ 0, then Vr-l{Pj{x)(l)r-l{xy+^''^-^) = Vj+{s+jer-l)Vr-l{(f>r^l) = Uj, 
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SO that all of these coefficients determine points of iV^]^(P) lying on T; this shows 
that Vr{P) = V . For Cj = we take Pj{x) — 0; hence, v — (s,_i(P) — s)/er-i, and 
by P^ in order r — 1; 

where t{j) :— tr-2(s + je,._i) — {sr-2{Pj) ~ ^r-2Mj")/er-2 (cf. Definition I2.19p . 
Finally, 

{Zr-2y^^^Rr-2{Pj){Zr-2) = {Zr-2f^'>-'^V^j{Zr-2) 



tU)-i'j+— 



-2"j-Sj 



1, 


if r = 2, 


(2^-2)"^-""'-'^'^'-'^/"'-', 


if r > 2. 



= {Zr-2) ' ''■-^ Cj{Zr-2)=Cj, 

SO that y''Rr-i{P){y) = <fi{y). D 

Theorem 2.11. We can effectively construct a monic polynomial 4>r{x) of type t 
such that Rr-i{4>r){y) '^ ipr-iiy)- This polynomial is irreducible over 0[x] and it 
satisfies 

(16) deg(l)r = rUr, UJri(f>r) = 1, Vr{(f>r) = Cr-l/r-lWr (0r-l )• 

Proof. By Lemma 12.171 in order r — 1 (cf. Remark 11.71 if r — 2), the polygon 
Nr-i{4>r-i) is one-sided with slope — oo and final point (l,fr-i(0r-i))- Therefore, 
Sr-i{4>r-i) reduces to a point and Rr-i(4>r~i){y) — ci, where ci is the residual 
coefficient of this polygon (cf. Definition I2.20p : 

ci = 

Denote c :— c^''" . The polynomial </j(y) :— c{il}r-i{y) — y^''^^) has degree 

less than fr~i, and v = ordy[ip) = 0. Let P{x) be the polynomial attached by 
Proposition 12.101 to (p(jj) and V = er_i/r-ifr(0r-i)- Since deg(P(a;)) < ruj., the 
polynomial (f>r{x) :— (pr-iixY''^'--^''^^ + P{x) is monic and it has degree nir- Let T 
be the auxiliary side used in the construction of P{x); we saw along the proof of 
Proposition[lITO]that Rr^i{P){y) = (piy) = Rr-i{P,T){y). By HH) (and © if r = 
2), Sr~i{P) has the same initial point than T and Rr-i{(j)r,T){y) = Rr-i{<t>r){y)- 
Also, 

Rr-M''-l^''-\T){y) = /'--P,_i(<^:,l-^'-^)(y) = cy/--. 

Finally, by Lemma 12.231 in order r — 1 (cf . ([3]) in order one) : 

Rr-i{c^r,T){y)^Rr-i[<P';i^^'-\T){y) + Rr-^{P,T)[y) 
= cy^^-i +ip{y) = c-0r_i(2/), 

so that Rr-i{4'r){y) ^ "fpr-iiy) andtjf.(0r) = 1- The polynomial 0r (a;) is irreducible 
over 0[x] by the Theorem of the product in order r — 1. Finally, it has Vr{(l>r) — V 
because all points of AV-i(0r) he on T. D 

Definition 2.12. A representative of the type t is a monic polynomial 4)r{x) G 0[x\ 
of type t such that Rr-i{4>r)iy) ~ V'r-i(j/)- This object plays the analogous role in 
order r — 1 to that of an irreducible polynomial modulo m in order one. 
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From now on, we fix a representative (j)r{x) of t, witliout necessarily assuming 
tliat it lias been constructed by the method of Propositon 12.101 We denote by 
t = (0i(a;); Ai, 02(a;); • ■ • \\-2,4>r-i(x)]\r-i,4>r{x)), the extension oft, which is 
half-way in the process of extending t to different types of order r. 

2.4. Certain rational functions. We introduce in a recursive way several rational 
functions in K{x). We let hr,er be arbitrary coprime positive integers, and we fix 

ir, i'r &'^ such that £rhr ~ i'^Cr = 1- 

Definition 2.13. We define ttq{x) — 1, ■ni{x) — vr, and, for all 1 < i < r, 

*^ (^) = f^M. ,„AA,. .^ ' 7« (a^) = —T-TT- , 7r,+i (x) - 



Each of these rational functions can be written as 7r"0(/)i(x)"^ • • ■ (/>r(x)"'', for 
adequate integers Ui e Z. Also, 

(17) $j(a;) = •••0,(x), 7j (a;) = •••(/),; (x)'=% 7r,,+i(a;) = • • • (/)i(x)^S 

where the dots indicate a product of integral powers of tt and (f>j{x), with 1 < j < «• 
We want to compute the value of Vr on all these functions. 

Lemma 2.14. For all 1 < i < j < r , we have ujj{(f)i) = 0. 

Proof. Since Ni{(f>i) is a side of slope — cx), we have LUi^i{(j)i) — because Si{(j)i) 
reduces to a point. By Lemma [2T2l LjOj{(f)i) — for all i < j < r. D 

Proposition 2.15. for all 1 < i < r we have 

(1) Wr(<?!>0 = E}=i (ej+1 • • • er-i) (ej/j • • • e^-lf^-l) hj, 

(2) Wr($i) = Gi+i •■ -er-lhi, 

(3) Wr(7ri+i) = ei+i • ■ • e^-i, 

(4) w,(7,) = 0. 

(5) UJr{ct>t) = t^rl^j) = (^rili) = ^J^CtTj+i) = 0. 

Moreover, Vr{(t>r) = Z]j=i (^j+i • ■ ' er-i) (ej/j • ■ ■ er-ifr-i) h-j and v^i^r) = 0. 

Proof. We proceed by induction on r. For r = 2 all formulas are easily deduced 
from V2{4'i) = hi, that was proved in Proposition 12.71 Suppose r > 3 and all 
statements true for r — 1. 

Let us start with item 1. By Proposition 12.71 and (fT6|) . 



Vr{4'r-l) = hr-l + e-r-lWr-l (0r-l ) , Vr-l{(j)r-l) ^ er-2fr-2Vr-l{4'r-2)- 

Hence, the formula for i — r — \ follows from the induction hypothesis. Suppose 
from now on i < r — 1. By Lemma 12.141 (j)i{x) — (j)i{x) is an admissible (/)r_i-adic 
development of 4>i{x), and by Lemma [2?25] in order r — 1 (Lemma 1 1.1 21 in order one) 
we get N~_-^{(f)i) = (0,Vr-i{4'i))j so that Vr{4>i) = e.r-iVr-i{4>i) and the formula 
follows by induction. 

Let us prove now simultaneously items 2 and 3 by induction on i. For i = 1 we 
have by item 1, 

Ur($l) = Vr{4>l) = 62 • • ■ er-lhi, 

Vr{T^2) — ■^l«r('i'l) " ■^'i«r(7'') = (^l^ll - ^'161)62 • • ■ 6^-1 = 62 • • • 6^-1. 
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Suppose now « > 1 and the formulas hold for 1, . . . , i — 1. 

Vri^i) = Vr{(j>i) - fi-lVi{(j>i-i)ei^i ■ ■ ■ Cr-l = e^+i • ■ • e^-l/li, 

Vr{-Ki+i) = (.iVr{^i) - i'^Vr{7Ti) = {l^hi - £^6^)6^+1 • • • e,._i = C^+i • • • e^-l- 

Item 4 is easily deduced from the previous formulas, and item 5 is an immediate 
consequence of p7|) and Lemma [2 .141 The last statements follow from (fTHl) and the 
previous formulas. D 

Lemma 2.16. For n = (no, . . . , n^-i) S Z^, consider the rational function $(n) = 
7r"°0i(x)"i ■ ■ ■ (pr-iix)"''^'^ 6 K{x). Then, if Vr{^{n)) — 0, there exists a unique 
sequence ii, ... ,ir-i of integers such that ^(n) = 7i(a;)*i • ■ • 7r_i(x)*''~i . Moreover, 
ig depends only on Ug, . . . , n^-i, for all 1 < s < r. 

Proof. Since the polynomials (l)s{x) are irreducible and pairwise different, we have 
$(n) = <i>(n') if and only if n = n'. By ^T7\ . any product 7i(a;)*i . . . j^_j^(^xY''-'^ 
can be expressed as $(j), for a suitable j = (jOi • • ■ j Jr-2, Cr-iV-i)- Thus, if 
7i(x)*^ • ■ • 7r_i(a;)*'^^^ — 1 we have necessarily v-i = 0, and recursively, ii = 
• • • = ir-2 = 0. This proves the unicity of the expression of any <i>(n) as a product 
of powers of gammas. 

Let us prove the existence of such an expression by induction on r > 1. For 
r = 1, let n = (no); the condition Wr(7r"'°) = implies no = and $(n) = 1. 
Suppose r > 2 and the lemma proven for all n' G 7/""^. By item 1 of the 
last proposition, Wr(<&(n)) = n,._ift,r-i (mod e^-i); hence, if Vr{^{n)) = we 
have necessarily n^-i = Sr-iir-i for some integer v-i that depends only on 
"r-i- By dni, 7,._i(a::)*— 1 = $(j), for some j = {jo, . . . ,jr-2,er-iir-i); hence, 
<i>(n)7r_i(x)^*'^-i = $(n'), with n' = (nj,, . . . ,n^_2,0), and each n^ depends only 
on Us and n^-i. By item 4 of the last proposition, we have still Vr{^{n')) — 0, 
and by induction hypothesis we get the desired expression of <&(n) as a product of 
powers of gammas. D 

2.5. Newton polygon and residual polynomials of r-th order. Let f(x) G 

0[x] be a nonzero polynomial, and consider its unique </)r.-adic development 

(18) f{x)= 2J at{x)(j)r(xy, degai{x) <mr. 

0<i<Ldcg(/)/m,J 

We define the Newton polygon Nr{f) of f{x), with respect to the extension t of 
t, to be the lower convex envelope of the set of points (i,Ui), where 

Ui :— Vr{ai{x)(f)r{xy) — Vr{ai{x)) + iVr{(j>rix)). 

Note that we consider the w^-value of the whole monomial ai{x)(j)r{xy. Actu- 
ally, we did the same for the Newton polygons of first order, but in that case 
vi{ai{x)(f>i{xy) = vi{ai{x)), because vi{(j)i{x)) = 0. 

The principal part N~ (/) is the principal polygon formed by all sides of negative 
slope, including the side of slope — cxo if f{x) is divisible by 0r(x) in 0[x]. The 
typical shape of the polygon is the following 



26 



GUARDIA, MONTES, AND NART 




Mf) 



Ldcg(/)/mrJ 



Lemma 2.17. (1) mino<i<„{ui} = Vr{f), where n := i{Nr{f)) = [deg f/mr\. 

(2) The length ofN-{f) isWrU). 

(3) The side oj slope — cx) of N~{f) has length ovd^^lf). 

Proof. The third item is obvious. Let us prove items 1, 2. Let u := mino<,;<„{ui}, 
and consider the polynomial 

All monomials of g{x) have the same w^-value and a different w^-value: 

iOr{ai{x)4)r{xy) = Uilr{ai{x)) + W,r (0,. (x)' ) = l, 

because iOr{ai) = by Lemma 12.21 By item 2 of Proposition 12. 8[ Vr{g) — u 
and tOrig) = Joj the least abscissa with Ui^ = u. Since, Vr{f — g) > u, we have 
''^rif) = Vrig) = U-, and this proves item 1. On the other hand, item 1 of Propositon 
shows that tOrif) = ^r{g) = *0j and this proves item 2. D 



The following observation is a consequence of Lemmas 12.21 and 12.171 
Corollary 2.18. If f{x) has type t then Nr{f) = N-{f). 



a 



From now on let N = N~(f). As we did in order one, we attach to any integer 
abscissa i of the finite part oi N a residual coefficient Ci G F^. The natural idea is 
to consider c^ = Rr-i{ai){zr-i) for the points lying on N. However, this does not 
lead to the right concept of residual polynomial attached to a side; it is necessary 
to twist these coefficients by certain powers of Zr-i. 

Definition 2.19. For any nonzero a{x) G 0[x] and any integer i > 0, we denote 

Sr-l{a) — £r-lVr{a(j>l,) 



tr-i{a)i :— 



Sr-l 



For any nonzero f{x) £ 0[x] with (jjr-adic development il8\} . we denote 

Sr-l{ai) - £r-lUi 



ir-l(i) -^tr-lihf) '■^tr-l{ai)i 



er-1 
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The number tr-i(a)i is always an integer. In fact, if Ur--i(a) denotes the ordinate 
of the initial point of S',_i(a), then 

Vr{a4>).) — Vr{a) + iVr{4>r) = Vr{a) — hr~iSr-i{a) + er-iUr-i(a) (mod e,._i) 

= ft,,._iSr_i(a) (mod e^-i), 
the first congruence by P^ . Hence, ^r-i'^r(a</'r) = Sr-i{a) (mod e^-i). 

Definition 2.20. For any integer abscissa OTd^^{f) < i < LJr{f), the residual 
coefficient q of N := N~{f) is defined to be: 



:-q(/):- 



0, 



if{i,Ui) lies strictly above N, 



z/1]^ i?r-l(ai)(2r-l) &^r, if {h Ui) Ucs on N 



Note that Ci ^ if (J,Ui) lies on N because LOr{ai) = and ipr^i{y) is the 
minimal polynomial of Zr-i over F^-i. 




iA,_i(A^r-i{a,)) 



Definition 2.21. Let Xr = —hr/cr be a negative rational number, with /i,.,er 
positive coprime integers. Let S — S'a,, (iV) be the Xr-component of N, d — d{S) the 
degree, and {s,u) the initial point of S. 

We define the virtual factor of f{x) attached to S (or to Xr) to be the rational 
function 

f'^{x):^^r{x)-'nr{x)-^fHx)eK{x), f\x) := Y. a^i^)4'r{x)\ 

where <^r{x), T^r{x) are the rational functions introduced in Definition \2.13[ 

We define the residual polynomial attached to S (or to Xr) to be the polynomial: 

R\Af){y) '■= Cs + Cs+e, y H h C^+(d-l)e,, y'*"^ + Cs+de^ V'^ & ^Av]- 

Only the points (z, Ui) that lie on S yield a non-zero coefficient of R\^{f){y). In 
particular, Cg and Cg+de are always nonzero, so that R\^{f){y) has degree d and it 
is never divisible by y. We emphasize that R\,.{f)iy) does not depend only on A^; 
as all other objects in SectlH it depends on t too. 

We define in an analogous way the residual polynomial of f{x) with respect to a 
side T that is not necessarily a Ar--component of N. Let T € S{Xr) be an arbitrary 
side of slope A,-, with abscissas sq < si for the end points. Let d' — d{T). We say 
that f{x) lies above T in order r if all points of A^ with abscissa sq < i < si lie 
above T. In this case we define 

R\Af,T){y) := Cso +Cso+e^y-\ \- Cs„ + (d'-l)e^y'^ ^^ +Cso+d'er.y'^ ^^r[y], 
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where ci :— Ci{f) :~ ct if {i,Ui) lies on T and Ci ~ otherwise. 

Note that deg Rx^{f,T){y) < d! and equahty holds if and only if the final point 
of T belongs to S\^{f). Usually, T will be an enlargement of S\^{f) and then, 



(19) 



T D SxM) =^ RxALT)iy) = y(^-^")/^'-i?A.(/)(y), 



where s is the abscissa of the initial point of S\^{f). 

For technical reasons, we express c; in terms of a residual polynomial attached 
to certain auxiliary side. 

Lemma 2.22. Let N G VP be a principal polygon. Let [i,yi{N)) he a point lying 
on N and with integer abscissa i. LetV = yi{N) — iVr{4>r), and let L\^_-^ be the line 
of slope Xr-i that cuts the vertical axis at the point with ordinate V/cr-i. Denote 
by T(i) the greatest side contained in Lx^-^, whose end points have nonnegative 
integer coordinates, and let Si be the abscissa of the initial point ofT{i). 

Let a{x) 6 0[x\ be a nonzero polynomial such that Ui := Vr{a(j)\,) > yi{N). Then, 



l^'^-'--'^^^''^-'Rr-i{a,T{i)){y) 



In particular, Ci 



(Si-fr-l«i)/er-l 



0, ifu,>y,{N), 

ytr-i{ahji^_^^a){y), ifu,^y,{N). 

Rr-l{ai,T{i)){Zr-l). 



Proof. If Ur(a^r) — yi(^)i we have Vr{a) = V and Sr-i{a) C T{i). Then, the 
lemma follows from p^ in order r — 1. If Vr{a4)\.) > yi{N) then Sr-i{a) lies 
strictly above T{i) and Rr^i{a,,T{i)){y) =0. D 




Sr-l{a) 



Lemma 2.23. Let T e S{Xr) be a side of slope A^ and let f{x),g{x) G 0[x]. If 
f{x) and g{x) lie above T in order r, then (/ + g){x) lies above T in order r and 

RxAf + 9,T) ^ Rx,Xf,T) + RxJg.T). 

Proof. Let sq < si be the abscissas of the end points of T. We want to check that, 
for all integers sq < i < si, 



(20) 



Ci{f + g) = cnif) + Ciig). 



Let ai{x), bi{x), be the respective i-th coefficients of the (f>r-&dic development of 
/(x), g{x); then, ai{x) + hi{x) is the i-th coefficient of the ^^-adic development of 
f{x) + g{x). By Lemma 1^.221 apphed to the point [i, yi{T)) of T, 



.(/) = 



(5i-fr_iUi)/e,._i 



Rr-l{ai,T{i)){Zr^l). 



Analogous equalities hold for g{x) and (/ + g){x), and (PO)) follows from Lemma 
[2]23] itself, in order r - 1 (cf. dS]) for r = 2). D 
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2.6. Admissible ^ij-developments and Theorem of the product in order r. 

Let 

(21) fix)^Y.<(''^^rix)\ a',{x)eO[x], 

i>a 

be a ^r-development of f{x), not necessarily the (/)r-adic one. Let N' be the prin- 
cipal polygon of the set of points (i,Ui), with u'^ — Vr{a'^{x)(l)r{xY). Let zi be the 
first abscissa with a^ (x) ^ 0. As we did in order one, to each integer abscissa 
ii < i < £{N') we attach a residual coefficient 

0, if {i, u'j) lies strictly above N' , 



"r-l 



' Rr-i{a'^izr-i) e ¥r, if (i,u-) Hes on N' 



where t'^_i{i) := tr-i{a^)i. For the points {i,u[) lying on N' we may have now 
c^ = 0; for instance in the case ao(x) = f{x) the Newton polygon has only one 
point {0,Vr{f)) and Cq = ii cjrif) > 0. 

Finally, for any negative rational number Xr = —hr/cr, with hr, e^ positive 
coprime integers, we define the residual polynomial attached to the Ar-component 
S' = Sx,XN') to be 

where rf' = d{S') and s' is the initial abscissa of S' . 



Definition 2.24. We say that the (j}^- development I121\) is admissible if for each 
abscissa i of a vertex of N' we have c[ ^ 0, or equivalently, a;,-(a^) = 0. 

Lemma 2.25. // a (j)r -development is admissible then N' — iV^(/) and c[ = c, 
for all abscissas i of the finite part of N' . In particular, for any negative rational 
number Xr we have i?^ {f){y) — R\r{f){y)- 

Proof. Consider the cf)r-a.dic developments of f{x) and each a[{x): 

/W =^ai{x)(t)r{x)\ a[{x) ^^bi^k{x)4>r{xf ■ 

0<i 0<k 

By the uniqueness of the (/i^-adic development we have 

(22) ai{x) = ^ bi-k,k{x). 

0<k<i 

Let us denote Wi^k '■= Vr{bi^k), w :— Vr{4ir)- By item 1 of Lemma 12.171 u[ — 
Vr{a[) +iw = mino<fc{wi _fc + (fc + i)w}. Hence, for all < fc and all < i < £{N'): 

(23) w,,fe + (fc + i)w > < > y^{N'). 
Therefore, by ([22]) and ((23|) . all points {i,Ui) lie above N'; in fact 

(24) Ut = Vr{ai) + ivu > min {w,^k,k + iw} = Wi-ko.ko + iw 

0<k<i 

>u',-k^^>y,^koiN')>y^iN'), 

for some < fco < i. On the other hand, for any abscissa i of the finite part of N' 
and for any < fc < i we have by (P5)) 

(25) Wi^k.k > u'^-k -iw> yi-k{N') ~ iw > yi{N') - iw. 
The following claim ends the proof of the lemma: 
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Claim. Let i be an abscissa of tlie finite part of N' sucli that (i, u[) G N'. Then, 
Ui = u[ if and only if c'j 7^ 0; and in this case c\ — Ci. 

In fact, suppose c^ ^ 0, or equivalently, Wr(a^) = 0. We decompose 

a'iix) ^bi^o{x)+B{x), S(a;) = ^6i,fc(a;)<?!>^(a;)^ 

o<fe 
Note that LOr{B) > 0, because (j)r{x)\B{x). By (^5]) . Wr(6i,o) = u'i.o > w- — iw = 
Vr{a'^). Since Wr(a^) = and Wr{B) > 0, item 1 of Proposition 12.81 shows that 
Vribi^o) = -min{vr{a^),Vr{B)}; hence, Wr(&i,o) — Vria'^)- By (|22p and ((25)) we have 
Ui — iw = Vr{ai) — Wi^o = u[ — iw, so that Ui = u[. Let T(i) be the side at- 
tached to the point (z,u-) G N' in Lemma [222 Since Rr-i{B){zr-i) = 0, (fTQ]) 
shows that Rr-i{B,T{i)){zr-i) = 0. By Lemma ^TM, Rr-i(a'i,T{i)){z.r-i) = 
i?,._i(6i,0jr(i))(zr_i), and Lemma [^ . 221 shows that 

the last but one equality because Sr~i{ai) — Sr-iibi.o), i?,_i(ai) = i?,._i(6i_o)i by 
(^5)1 and Proposition!^ 

Conversely, if Ui — u'^ — yi{N') we have necessarily fco = in ([M|) and all 
inequalities of ((M)) are equalities. Hence, w^.o + iw = u^, or equivalently, Vr{a'^) — 
Vribi.o). Since ujr{bifi) = and ujr{B) > 0, Proposition 12.81 shows that uJr{a'i} — 0. 
This ends the proof of the claim. D 

Theorem 2.26 (Theorem of the product in order r). For any nonzero f{x),g{x) S 
0[x] and any negative rational number A^ we have 

N-{fg) - N-{f) + N-{g), RxAfgKy) = RxAf){y)RU9)iy)- 

Proof. Consider the respective (/)r-adic developments 





/(^) 


0<i 


i(x)(l).r{xy , 


9{x) 


0<J 


j{x)(l}r{xy, 


and denote 


Ui = Vr{ai 


*,'). «i 


^Vr{b,m: 


Nf^ 


N-if)^ 


,N,-- 


^N-ig). Take 


(26) 


I{x)g{x) -- 


0<fe 


.{X)4>r{x)\ 


A, 


,{x) = 




ai{x)bj{x), 



and denote by N' the principal part of the Newton polygon of order r of fg, 
determined by this (/if-development. 

We shall show that N' = Nf + Ng , that this ^^-development is admissible, and 
that R'^ (fg) = R\^{f)R\^{g) for all negative A^. The theorem will be then a 
consequence of Lemma 12.251 

Let Wk ■— Vr{Ak(l)r) for all < k. Lemma [T^] shows that the point (i, Ui) + {j, Vj) 
lies above Nf + Ng for any i, j > 0. Since Wk > minjui + Vj,i + j — fc}, the points 
{k, Wk) lie all above Nf + Ng too. On the other hand, let Pk — (fc, yk{Nf + Ng)) be 
a vertex of Nf + Ng] that is, Pk is the end point oi Si + ■ ■ ■ + Sr + Ti + ■ ■ ■ + Ts, for 
certain sides Si of Nf and Tj of Ng, ordered by increasing slopes among all sides 
of Nf and Ng. By Lemma Fl. 41 for all pairs {i,j) such that i + j = k, the point 
(i, Ui) + {j, Vj) lies strictly above Nf + Ng except for the pair zq — (-[Sr-i + • • • + S'r), 



NEWTON POLYGONS OF HIGHER ORDER IN ALGEBRAIC NUMBER THEORY 31 

jo = ({Tr-i H h Ts) that satisfies {io,Ui„) + iJo,Vjg) = Pk- Thus, {k,Wk) = Pk- 

This shows that N' = Nf + TVg. 

Moreover, for all (i, j) ^ (*0j Jo) we have 

so that Vr{Ak) = Vr{aigbjg) < Vr{aibj). By Proposition 12.81 uJr{Ak) — Lu,.{aigbjg) = 
WT-(aio) +'^i'(&j"o) = 0, and the (^,.-development (1^5)) is admissible. 

Finally, by dl}, the A^-components S" = S-A^liV'), S*/ = Sx^Nf), Sg = S'A,(A^g) 
are related by: S' = Sf + Sg. Let {k,yk{N'j) be a point of integer coordinates 
lying on S' (not necessarily a vertex), and let T{k) be the corresponding side of 
slope Ar-i given in Lemma[2?221 with starting abscissa Sk- Denote by / the set of 
the pairs (i,j) such that {i,Ui) lies on Sf, {j,Vj) lies on Sg, and i + j — k. Take 
-f(^) = X](z i)e/ 0'i{x)bj{x). By Lemma [1^41 for all other pairs {i,j) with i + j = k, 
the point (i, u^) + (j, Vj) lies strictly above A^'. By Lemma [2.231 

Rr-liAk,T{k)) ^ Rr-l{P,T{k)) = Y, Rr-Mbj,T{k)). 

Lemma 12.221 (IT^ and the Theorem of the product in order r — 1 show that 

cUfg) ^{Zr-li" =--""'' i?.-l(^fe,T(fc))(z,_i) 

= (z,.-i) "---i 2^ i?r-i(aifej,r(fc))(zr-i) 

= 2^ (^r-l) """' i?,._i(ai6j)(zr_i) 

= ^ (z,_i)*--(*'/)+*'-(j'^)i?,_i(a,)(z,_i)i?,_i(6,)(z,_i) 

= Yl c«(/)"=j(5)- 
(»j)e/ 

This shows that the residual polynomial attached to S' with respect to the (/)r- 
development ^ is R\Af)RxA9)- D 

Corollary 2.27. Let f{x) £ C[2;] &e a monic polynomial with uJrif) > 0, and let 
ft{x) he the monic factor of f [x) determined by t (cf Definition \2.3\) . Then Nr{ft) 
is equal to N~ (f) up to a vertical shift, and R\^{f) "^ R\^{ft) for any negative 
rational number Xr- 

Proof. Let f{x) = ft{x)g{x). By (fT3|) . ujr{g) = 0. By the Theorem of the product, 
N-{f) = N-ift)+N-\g) srndRxM) = RK{ft)RxAg)- Since N-{g) reduces to 
a point with abscissa (cf. Lemma [133), the polygon N^{f) is a vertical shift of 
-/V~(/t) and Rx^{g) is a constant. D 

3. Dissections in order r 

In this section we extend to order r the Theorems of the polygon and of the 
residual polynomial. We fix throughout a type t of order r — 1 and a representative 
(j)r{x) of t. We proceed by induction and we asume that all results of this section 
have been proved already in orders 1, . . . , r — 1. The case r = 1 was considered in 
section [TJ 
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3.1. Theorem of the polygon in order r. Let f{x) e 0[x] be a monic poly- 
nomial such that ujrif) > 0. The aim of this section is to obtain a factorization 
of ft{x) and certain arithmetic data of the factors. Thanks to Corollary 12. 27[ we 
shall be able to read this information directly on iV^(/), and the different residual 
polynomials Rx,.{f){y). 

Theorem 3.1 (Theorem of the polygon in order r). Let f{x) e C>\x] he a monic 
polynomial such that ujr{f) > 0. Suppose that N~{f) = Si + ■ ■ ■ + Sg has g sides 
with pairwise different slopes A^.i, • ■ ■ , Ar,g. Then, ftix) admits a factorization 

ft{x)^Fiix)---Fg{x), 

as a product of g monic polynomials of 0[x] satisfying the following properties: 

(1) Nr{Fi) is equal to Si up to a translation, 

(2) If Si has finite slope, then Rx^i{Fi){v) ^ ^A,.,(/)(y) 

(3) For any root d & Qp of Fi{x), v{(t)r{9)) ^ {vr{(j)r) + \Ks\)hi- ' ' '^r-i- 

Proof. Let us denote e = ei • • ■ e^-i. We deal first with the case ft{x) irreducible. 
Note that deg/t — mrUOrif) > 0, by Lemma [^^ and Nr{ft) = N,^{ft) by Corollary 
12.181 Since ft{x) is irreducible, p := v{(pr{0)) is constant among all roots 9 & Qp 
of ft{x), and < Vr{(j)r)/e < p, by Proposition 12.91 We have p = oo if and only if 
/t(x) — (j)r{x), and in this case the theorem is clear. Suppose p is finite. 

Let P{x) = Tlii^iKKk^i^^ S ^N be the minimal polynomial of (f>r{9), and let 
Q{x) = P{(pr{x)) ~ J2o<i<k ^i4>r{xy ■ By the Theorem of the polygon in order one, 
the x-polygon of P has only one side and it has slope —p. The end points of Nr{Q) 
are (0, ekp) and (fc, kvr{(j>r))- Now, for all < i < fc, 

Vr{biCJ)l.) - kVr{(t>r) ev{bi) + iVr{(j)r) - kVr{<Pr) ^ / , x 
k^r, = k- >^P~ -r{cl>r). 

This implies that Nr{Q) has only one side and it has slope A^ '■— — (ep — Vr{(j)r))- 
Since Q{9) ~ 0, ft{x) divides Q{x) and the Theorem of the product shows that 
Nr{ft) is one-sided, with the same slope. Also, R\^{ft) ~ R\^{f) by Corollary 
12.271 This ends the proof of the theorem when /t(x) is irreducible. 

If /t(a;) is not necessarily irreducible, we consider its decomposition ft{x) = 
n, Pj{x) into a product of monic irreducible factors in 0[x\. By Lemma WM each 
Pj{x) has type t and by the proof in the irreducible case, each Pj{x) has a one- 
sided Nr{Pj). The Theorem of the product shows that the slope of Nr{Pj) is Xr^i 
for some 1 < i < s. If we group these factors according to the slope, we get 
the desired factorization. By the Theorem of the product, R\^_.{Fi) ~ Rx^.tift): 
because R\^_i{Fj) is a constant for all j ^ i. Finally, R\^i{ft) ^ Rxr.iif) by 
CoroUarv 12.271 The statement about v{(j)rid)) is obvious because Pj{9) — for 
some J, and we have already proved the formula for an irreducible polynomial. D 

We recall that the factor corresponding to a side Si of slope — cxo is necessarily 
F,{x) ^ (j)r{x)°"^*'-^^'' (cf. Remark UTI). 

Let Xr — —hr/er, with hr, Cr positive coprime integers, be a negative rational 
number such that S := S\^{f) has positive length. Let ft,\^{x) be the factor of 
f{x), corresponding to the pair t, Xr by the Theorem of the polygon. Choose a root 
6* G Qp of /t,A,(a;), and let L = K{9). By item 4 of Propositions [HT] and E31 in 
orders 1, . . . , r — 1, there is a well-defined embedding F^ — > F^, determined by 

(27) F, ^ Fi, zo ^'9, zi^ ^^, . . . , Zr-i ^ 7r-i(^). 
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This embedding depends on the choice of 0. After this identification of ¥r with 
a subfield of Fl we can think that aU residual polynomials of r-th order have 
coefficients in F^. 

Corollary 3.2. For the rational functions of Definition \2. 13[ 

(1) Vi(l)r{9)) = J2l=l ^ifi ■ ■ ■ er-lfr^lhi/{ei ■ ■ ■ Ci) , 

(2) «(7r,(0)) = l/(ei---e,_i), 

(3) v{<Prm = K/{ei---er), 

(4) «(7,(0)) = O. 

Proof. Item 1 is a consequence of the Theorem of the polygon and the formula for 
Vr{(f>r) in ProDOsition l2.15l Item 2 follows from Proposition l2.91 because Vr{TTr) — 1, 
uJr{TTr) = by Proposition 12. 151 Item 3 follows from the Theorem of the polygon 
and item 2 in order r — 1. Item 4 follows from items 2,3. D 

Corollary 3.3. With the above notation for L, the residual degree f{L/K) is 
divisible by fo ■ ■ ■ fr-i, o,nd the ramification index e{L/K) is divisible by ei ■ ■ ■ e^. 
Moreover, the number of irreducible factors of ft.\^{x) is at most d{S); in particular, 
if d{S) = 1 the polynomial ft,\^{x) is irreducible in 0[x], and f{L/K) — fo ■ ■ ■ fr-i, 
e{L/ K) ~ ei ■ ■ ■ Cr ■ 

Proof. The statement on the residual degree is a consequence of the embedding 
([27]) . Denote cl — e{L/K), e — ei ■ ■ ■ e^-i, f — fa- ■ ■ fr-i- By the same result in 
order r — 1 (cf. Corollary 1 1 . 1 61 for r = 2), cl is divisible by e. Now, by the theorem 
of the polygon, wl(0,-(0)) = (eL/e)tir(0r) + (eL/e)(ft.r/er). Since this is an integer 
and hrjCr are coprime, necessarily e^ divides cl/c. 

The upper bound for the number of irreducible factors is a consequence of the 
Theorem of the product. Finally, if d{S) = 1, we have efcr = deg(/t,A,J = 
f{L/K)e{L/K), and necessarily f{L/K) = f and e{L/K) = ee^. ' ' D 

We prove now an identity that plays an essential role in what follows. 

Lemma 3.4. Let P(x) — X]o<i '^i{^)'t'r{xy be the (pr-adic development of a nonzero 
polynomial in 0[x\. Let A^ — —hr/er be a negative rational number, with h^, e^ 
coprime positive integers. Let S = S\^{P) be the Xr-component of N~{P), let {s,u) 
be the initial point of S and {i,Ui) any point lying on S. Let {s{ai) , u{ai)) be the 
initial point of the side Sr-i{ai). Then, the following identity holds in K{x): 

Proof. If we substitute u — m + {i — s)^ and 7^ — <i>^'' /tt^"^ in (^5]) . we see that 
the identity is equivalent to: 

S, (rj.\s(ai) ( \u(ai) 

If we substitute now 4>r, tt^ and 7r-i by its defining values and we use er-itr-i{i) = 
s{ai) — ir-iUi, we get an equation involving only tt^-i, which is equivalent to: 

u{ai) + l'r_iUi + hr-ltr-l{i) +ifr-lVr{4>r-l) = 0. 

This equality is easy to check by using er_iu(ai) + s(ai)/ir-i = v^(ai) — Ui — iVr{4>r): 

Vr{(l)r) = er-l/r-lVr(0r-l)i and ^^-l^r-l ~ ^r-l^r-l = 1- D 



34 



GUARDIA, MONTES, AND NART 



Proposition 3.5 (Computation oiv{P{9)) with tlie polygon). We keep the above 
notations for f{x), \r — ^hr/er^ 6, L, and the embedding (87^. Let P{x) G 0[x\ 
be a nonzero polynomial, S = S\^{P), L\^ the line of slope A,, that contains S, and 
H the ordinate at the origin of this line. Denote e = ei • • • e,_i. Then, 

{i)v{pS{e))>Q, 'pW) = RK{P)hAF)), 

(2) v{P{e)~P"{e)) > H/e. 



(3) v{P{9)) > H/e, and equality holds if and only if R\^(P){'-fr{0)) =/= 0, 

i^) RxAf)Md)) = 0- 

(5) If Rx^{f){y) ~ "^riy)"" for some irreducible ipr{y) G ^r[y] then v(P{9)) — 
H/e if and only if R\^(P){y) is not divisible by ipriv) in '^r[y]- 

Proof. Let P{x) = J2o<i'^'i'(^)'Pr(^y ^^ ^^^ (/)r-adic development of P{x), and 
denote Ui — Vr{ai(j>l), N — N~{P). Recall that 

P''{x)^^r{x)-'nr{x)-^P°{x), P"(x)= ^ a,{x)M^)\ 

where (s, u) are the coordinates of the initial point of 5*. By Corollary 13.21 

H 

e 
On the other hand, by the Theorem of the polygon and Proposition 12. 9[ for all i: 



(29) 



viMsy^rioyn = - (s- 

e \ Cr 



(30) 



v{a,{0)MOy) = 



h - Vr[(j)r) H ] ^ - [Ui+t > — , 

e e\ er J e \ e^ I e 



with equality if and only if {i,Ui) G S. This proves item 2. 

H- 




N-{P) 



Also, dMl) and jSQl) show that viP'^iO)) > 0, so that P'^iO) belongs to Ol. Denote 
for simplicity Zr — 7r(^)- In order to prove the equality P^{d) = R\^{P){zr), we 
need to show that for every {i,Ui) £ S: 



(31) 



redr 



a^iO)MOy 



(z,_l)*'-^«i?,_l(a,)(^r.-l)(Zr)''-^)/^'-. 



Let {s{ai),u{ai)) be the initial point of Sr-i{ai). By items 1,2 of the proposition 
in order r — 1 (Proposition 1 1 . l71 if r — 2), applied to the polynomial ai{x), 



a,{e) = $,_i(0)^('^')7r,_i(^)"(''')(a,)^-i('^')(0) (mod ^(Ma.)e(L/K)/e) + ly 
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Since Vr{ai)e{L / K) / e = VL{ai{0)), it suffices to check the fohowing identity in L: 



which is a consequence of Lemma 13.41 This ends the proof of item 1. 
Also, ^ shows that v{P{9)) > H/e, and 

v{P{e)) - H/e ^^ v{P\e)) = H/e S «(P^(0)) - ^^ i?A.(P)(^.) ^ 0, 

the last equivalence by item 1. This proves item 3. The last two items are proved 
by similar arguments to that of the proof of Proposition 1 1.1 71 D 

3.2. Theorem of the residual polynomial in order r. We discuss now how 
Newton polygons and residual polynomials arc affected by an extension of the base 
field by an unramified extension. We keep the above notations for f{x), A,. = 
—hr/cr^ 9, L and the embedding ([27]) . 



Proposition 3.6. Let K' he the unramified extension of K of degree /o • ■ ■ fr-i- 
Let us identify F^. = ¥k' through the embedding {27^ . Let G{x) G Ok' [x\ he the 
minimal polynomial of 6 over K' . Then, there exist a type of order r — 1 over K' , 
t' = {(l)'i{x)]\i,(j)'2{x)\- ■ ■ ;\r-i,i)'j._i{y)), and a representative (t)'ri^) oft', with 
the following properties (where the superscript ' indicates that the ohjects are taken 
with respect to t' ): 

(1) /^ = • • — /;-! = 1, 

(2) G{x) is oftytpe t' , 

(3) For any nonzero polynomial P{x) £ 0[x], 

{N')-{P) = N-{P), Rl{P){y) = cj'X'RK{P){Pry), 

where {s,u) is the initial point ofS\^{P) andar, Tr, ^.r ^ IF/f/ are constants 
that depend only on t and 9 . 

Proof. We proceed by induction on r. The case r = 1 is considered in Lemma Il.l8| 
for the constant e defined there, we can take cti = e, ti = 1, and jjli = e'^^ . Let 
r > 2 and suppose we have already constructed t^_2 ^-^d a representative (j)'^_i{x) 
satisfying these properties. Let ?7i, . . . jilfr-i £ ^K' be the roots of ipr-iiy), and 
denote F{x) = ft,x^{x). We have, 

K-l{4>r){y) ^ Rr-l{4>r){^-r-iy) -^ Ipr-lit^r-iy) = Yll'/Tl {l^r-iy - Vi) ^ 
K-liF){y) ^ RrMF){pr-iy) ^ ^r-lit^r-Wr^'-' ^Ut\"iPr-iy -Vrr^--'- 

Since G{x) is of type tj,_2: Lemma [2.21 shows that degG = m[._iLu[._i{G). Since 
{N%_^{F) = N;'_^{F), the Theorem of the product shows that (A^')r-i(G) is 
one-sided, with slope A^-i and positive length uj'j._i{G). By the Theorem of the 
residual polynomial, R'^_i{G){y) ~ {nr-iy — rf)"" , for some root t] e Vk' of ^r-i(y) 
and some positive integer a. We take V'r-i(y) — V ^ l^r-iV^ and 

t' = (0i(x);Ai,02(a;);--- ; Ar_2, (/>^_i(y); A^-i, Vr-l(y))■ 
Thus, f'^_i — 1. We have a — iLj'^{G) and degG — m'^_iUj'^_i{G) = m'^_ier-ia = 
m'j.a; thus, G{x) is of type t', by Lemma [231 

The same argument shows that there is a unique irreducible factor (/)J, (x) of (jjr (x) 
in Ok'[x] such that R'j._i{(j)'^){y) ~ {iJ.r-iy~v)- We choose 4>'r{x) as a representative 
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oft'. Let pr{x) = (j)r[x) / (l)'^[x) S Ok'[x]. By construction, io'r[pr) = 0, because 

K-l{Pr){y) ~ ll}r-l{pr-iy)/{pr-iy - v) ■ 

Let P{x) e 0[x\ be a nonzero polynomial. Clearly, 

Consider the ^^-adic development of P{x): 

P{x) = (j)r{xy' + an-i{x)(j)r{xY'-^^ H h ao{x) = 

= Pr{xT(j)',{xr + a.n-l{x)pr{xT-^C^',{xT-^ +■■■+ a„{x). 

Since uj'^{pr) = 0, this 0^-adic development of P{x) is admissible. On the other 
hand, the tautology 

Vr{ai{x)(j)r{xy) = v'^(ai(x)(j)r{xy) = u^ (fli (x)pr (a:) V^(a;)*) , 

shows that {N')-{P) = N-{P). 

In order to prove the relationship between R'^ {P){y) and R\r{P)iy), we intro- 
duce some elements in FJ^, , constructed in terms of the rational functions of Defi- 
nition [HSl By Corollary [33 v{^r{0)) = v{^'^{9)), v{-Kr{0)) = (ei • • • e^_i)"i = 
v{tt'^{9)), and w(7r(^)) = = v{'^'^{9)). Also, by the theorem of the polygon, 

V{prm = {Vr{4>r) " v'^'r)) I {^1 ■ ■ ■ e,_i) = Z;«_i (0)) K (0,) - v'M'r)) hr-1- 

We introduce the following elements of FJ,, : 



Pr:=lr{e)h'AO), Tr:=T:r{e)/K{d), 



Or := $,(0)/$;(0), e, := p,(0)/<„i(0)(''-(^'-)-<W))/^-i. 

Since fr-iVr{(f>r-i) — Vr{4>r)/er-i, the recursive definition of the functions of De- 
finition [2Tl3l yields the following identities: 

(32) a. = e./(r,„i)'''-(*'-)/^'-\ r, = (a,_i)^'-7(T,_i)<-i. 

We need still another interpretation of e^- Since {N')^_j^{(j)r) — Ny_^{(f)r), the 
Theorem of the product shows that {N')y_^{pr) is one-sided with slope A^-i; hence, 
the initial point {s'^_-^^{pr), u'^_i{pr)) of 5* :— Sl_i{pr) is given by s'^^i{pr) = and 

(33) u'^_i{pr) = v[.{pr)/er-l = (w^l'/'r) " v'r{<l>'r)) I ^^r-l = (w,.(0r) " ^^^ (0r ))/er-l- 

Recall that the virtual factor pf.{x) is by definition pr{x) / 'n:'^_i{x)^-^-'^^''''^ ; therefore, 
item 1 of Proposition 13.51 shows that, for r > 2: 

(34) er = K_MM-i)- 

We have seen above that for each integer abscissa i, the i-th terms of the 0^ and 
^^-developments of P{x) determine the same point {i,Ui) of the plane. Let i — 
s+jcr be an abscissa such that {i,Ui) lies on Sx^{P) = S'^ (P); the corresponding 
residual coefficients at this abscissa are respectively 

C^ = (Zr-lf''-^^''^ Rr-l{ai)(Zr-l), C- = (z^_i)*'-i ^'^P^_i (fljp^) (z^_;^), 

and RxAP){y) = J2o<j<d c^y^ -Ra,(^)(2/) = Eo<j<d 4y^ ■ Hence, the last equality 
of item 3 is equivalent to c^ = Cia^T^nl, for all such i. 
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Note that tr-i{i) = (sr-i(ai) — £r-iUi)/er-i — tj,„]^(i), since 

the last equahty because N^_^{ai) — {N')^_-^^{ai). For simphcity we denote by 
(s(ai), u(ai)) the initial point of Sr-i{ai)- By ([33]), the initial point of Sl._i{aipl.) 
is {s{ai),u{ai) + i{vr{4>r) — w^(0J.))/er-i). Now, by induction, the Theorem of the 
product, and ((34)) . we have 

By Lemma 1331 

We get an analogous expression for 7^(0)^7^_]^(0)*'^-i(*\ just by putting ' every- 
where and by replacing u{ai) by u{aip\,) = u{ai) + i{vr{<j}r) — v'r{4''r))l^r-i- By 
taking the quotient of both expressions and taking classes modulo xnK' we get 

Therefore, c[ = c,M^^(a^„i)^-i"(r,,„i)-<-i«CT,^ = Q/^J^r^"a^, by dSH)- □ 

Theorem 3.7 (Theorem of the residual polynomial in order r). Let f{x) S ©[a;] 
&e a monic polynomial with UJr{f) > 0, and let S be a side of N^{f), of finite slope 
Xr ■ Consider the factorization 

of the residual polynomial of f(x) into the product of powers of pairwise different 
monic irreducible polynomials in ¥r[y]. Then, the factor ft,\,Xx) of ft{x), corres- 
ponding to t, Xr by the Theorem of the polygon, admits a factorization in 0[x], 

/t,A.(x)=Gi(x)---G,(x), 

into a product oft monic polynomials, with all Nr{Gi) one-sided of slope Xr, and 

RxAG,){y) ^ ^rAvT' in¥r[y]. 

Proof. Let us deal first with the case F{x) := ft,x^{x) irreducible. We need only to 
prove that R\^{F){y) is the power of an irreducible polynomial oi¥r[y]- Let e Q^ 
be a root of F{x), take L = K{9), and fix the embedding F^ -^ ¥l as in ([27ll . Let 
K' be the unramified extension of K of degree /o • • ■ fr-i, and let G{x) e Ok'[x] 
be the minimal polynomial of 9 over K', so that F{x) = Y\a-eGa.i(K'/K)^'^i^)- 
Under the embedding F^ ^ F^, the field F^ is identified to F^'- By Proposition 
I3.6[ we can construct a type t' of order ?- — 1 over K' such that R\ {F){y) ~ 
R\^{F){cy), for some nonzero constant c G Fa-'- By the construction of t', for 
any cr ^ 1, the polynomial G"{x) is not divisible by 4>i{x) modulo xvik'] thus, 
uj'riG") < uj[{G'') = 0, and R'^^{G'^){y) is a constant. Therefore, by the Theorem 
of the product, R\^{G){y) ~ R'^^{F){y) ~ Rx^{F){cy), so that Rx,{F){y) is the 
power of an irreducible polynomial of F^ [y] if and only if R'^ (G) (y) has the same 



38 GUARDIA, MONTES, AND NART 

property over Wk' ■ In conclusion, by extending the base field, we can suppose that 

/O = ■ • • = fr-l = 1. 

Let P{x) = X^fco ^j^'' G ^N be the minimal polynomial of 7r(0) over K . Let 

By (|17l) . n(a;) admits an expression I\-{x) — 7r"o0i(a;)"i ■ ■ ■ (f)r^i{x)"'^-^ for some 
integers n'l, . . . , nj,. Take $(a;) := 7r"''(/)i(a;)"i • • ■ (/>,._i(a;)"''-i with sufficiently large 
non-negative integers ni so that n(a;)'^$(a;) is a polynomial in 0[x\. Then, the 
following rational function is actually a polynomial in 0[x\: 

k 

Q{x) ■= $(.T)F(7,(a:)) = ^ S,,^(a;)</),(x^^ B,,X^) = $(a:)n(a:y6j. 

Moreover, by item 5 of Proposition 12. 151 uj^ifije,.) — for all j such that Bj^^ ^ 0, 
so that this (^^-development of g{x) is admissible. 

Our aim is to show that Nr{Q) is one-sided with slope A^, and R\^{Q){y) is 
equal to P{y) modulo m, up to a nonzero multiplicative constant. Since P{x) is 
irreducible, R\^{Q){y) will be the power of an irreducible polynomial of F[y]. Since 
Q{0) — 0, F{x) is a divisor of Q{x) and the residual polynomial of F{x) will be the 
power of an irreducible polynomial too, by the Theorem of the product. This will 
end the proof of the theorem in the irreducible case. 

Let us bound by below all Vr{Bje^(j>l'^''). Denote u := Vr{^)- By Proposition 
12.151 and pB]) . we get: Vr{TTr-i) — e^-i, Wr(7''r) = 1, and 11^(11) = -~erVr{<pr) — hr- 
Therefore, 

(35) Uje^ := VriBje^lf'i'^'') = Vr{bj) + U — j(erVr(4>r) + hr) + jCrVricf'r) > U — jhr- 

For j = Q,k we have v{bo) = (because 11(7^(6')) = 0) and v{bk) = (because 



bk = 1). Hence, equality holds in ([35| for these two abscissas. This proves that 
Nr{g) has only one side T, with end points (0, u), {kcr, u — khr), and slope A^. 

Let R\^{g){y) = ^^^^Cje^y-' ■ We want to show that Cje^ = cbj for certain 
constant c £ F* independent of j. If {jer,Uje^) ^ T, then Cje^ = 0, and by (P5)l . 
this is equivalent to bj = 0. Suppose now {jer,Uje^) G T; by item 1 of Proposition 

[33] (cf. dni)) 

Hence, we want to check that for all j 



red.(5^4?lM^)=cL- 



^,.(0)"7r(^)^' J "" 

for some nonzero constant c. Now, if we substitute Bj,,^ (x) and H(x) by its defining 
values, the left hand side is equal to c&j, for c = redi($(0)/7rr(0)"). This ends the 
proof of the theorem in the irreducible case. 

In the general case, consider the decomposition, F{x) = J| Pj{x), into a product 
of monic irreducible factors in 0[x]. By Lemma \2M each Pj{x) has type t, so that 
u)r{Pj) > 0. By the Theorem of the product, Nr{Pj) is one-sided, of positive 
length and slope A^. By the proof in the irreducible case, the residual polynomial 
Rx^{Pj){y) is the positive power of an irreducible polynomial, and by the Theorem 
of the product it must be Rxr{Pj){y) ^ ipr,i{y)^^ for some 1 < i < t. If we group 
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these factors according to the irreducible factor of the residual polynomial, we get 
the desired factorization. D 

Corollary 3.8. With the above notations, let 9 G Q be a root of Gi{x), and 
L = K{9). Let fr = deg^r,i(?/)- Then, f{L/K) is divisible by fofi ■ ■ ■ fr. Moreover, 
the number of irreducible factors ofGi{x) is at mostoi; in particular, if Oi — 1 then 
Gi{x) is irreducible in 0[x] and 

f{L/K) - /o/i • ■ • /., e{L/K) = ei ■ • • e,_ie,. 

Proof. The statement about f{L/K) is a consequence of the extension of the em- 
beding ((77)) to an embedding 



(36) ¥r[y]l{iJr,r{y))^VL, y^lM, 



which is well-defined by item 4 of Proposition l3.5l The other statements follow from 
the Theorem of the product. The computation oi f{L/K) and e{L/K) follows from 

f{L/K)e{L/K) = degG, = /o/i • • • /^ei • • • e^.ie^, 

and the fact that f{L/K) is divisible by /o ■ • ■ /r and e{L/ K) is divisible by ei • ■ • Ci- 
(cf. Corollary [S31). D 

3.3. Types of order r attached to a separable polynomial. Let /(x) £ C>[x] 
be a monic separable polynomial. 

Definition 3.9. Let t be a type of order r — 1. We say that t is /-complete, if 
UJrif) = 1. In this case, ft{x) is irreducible and the ramification index and residual 
degree of the extension of K determined by ft {x) can be computed in terms of some 
data oft, by applying Corollarv \3.8\ in order r — 1 f Corollary ] 1.16] if r = 2). 

The results of section[3]can be interpreted as the addition of two more dissections, 
for each order 2, . . . , r, to the three classical ones, in the process of factorization 
of f{x). If t is a type of order r — 1 and i-Or{f) > 1, the factor /t(a:;) experiments 
further factorizations at two levels: first ft{x) factorizes into as many factors as 
the number of sides of N~{f), and then, the factor corresponding to each finite 
slope splits into the product of as many factors as the number of pairwise different 
irreducible factors of the residual polynomial attached to the slope. 

We can think that the type t has sprouted to produce several types of order r, 
t' = (t; \r, ijjr{y)), each of them distinguished by the choice of a finite slope A^ of 
a side of N^{f), and a monic irreducible factor ipr{y) of R\^{f){y) in Wr[y]. 

Definition 3.10. In Sect. \1.5[ we defined two sets to(/), ti(/). We recursively de- 
finetrif) to be the set of all types of order r constructed as above, t' — (t; Xr,ipriy)), 
from those t e tr_i(/) that are not f -complete. This set is not an intrinsic invari- 
ant of f{x) because it depends on the choices of the representatives (pi^x), . . . , iprix) 
of the truncations of t . 

We denote by ts{fy°™^^ the subset of the f -complete types o/ts(/). We define 

T.(/):=t,(/)u| U t,(/)--Pi 

\0<s<r 
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Hensel's lemnia and the theorems of the polygon and of the residual polynomial 
in orders 1, . . . , r determine a factorization 

(37) /(x) = /.,oo(x) n /t(^)' 

teT,(/) 

where fr,oo{x) is the product of the different representatives (l)i{x) (of the different 
types in Tr(/)) that divide f{x) in 0[x\. 

The following remark is an immediate consequence of the definitions. 

Lemma 3.11. The following conditions are equivalent: 
(1) t,+i(/)=0, 

(2) t,(/r-pi = t,(/), 

(3) For all t G tr-i(/) and all Ar G Q^, the residual polynomial of r-th order, 
R\^{f)(jj) is separable. D 

If these conditions are satisfied, then ([37|) is a factorization of f{x) into the 
product of monic irreducible polynomials in 0[x], and we get arithmetic information 
about each factor by Corollarv l3.8l As long as there is some t e tr{f) which is not 
/-complete, we must apply the results of this section in order r -f 1 to get further 
factorizations of ftix), or to detect that it is irreducible. We need some invariant 
to control the whole process and ensure that after a finite number of steps we shall 
have tr{fy°'^^^ = tr{f). This is the aim of the next section. 

We end with a remark about p-adic approximations to the irreducible factors of 
/(x), that is an immediate consequence of Lemma l2.2[ the Theorem of the polygon 
and Proposition 12. 151 

Proposition 3.12. Let t be an f -complete type of order r, with representative 
(f>r^i{x). Let ^ Qp be a root of ft{x), and L — K{9). Then, deg^^+i = deg/t, 
and (f)r+i{x) is an approximation to ftix) satisfying 

r+l , 

V{(l)r+li0)) = {Vr+l{(t>r+l) + K+l) / e{L / K) = V" Ci/i • • • C^/r , 

^ ei . . .Bi 

■i— 1 

where —hr+i is the slope of the unique side of N^_^-^^{f), and e,-+i = 1. D 

4. Indices and resultants of higher order 

We fix throughout this section a natural number r > 1. 

4.1. Computation of resultants with Newton polygons. 

Definition 4.1. Let t be a type of order r — 1 and let 4ir{x) G 0[x\ be a represen- 
tative of t. For any pair of monic polynomials P{x), Q{x) G 0[x\ we define 

Rest(P, g) := /o • • • fr-i Y. "^"^^{ErH'^^E'^Hi} 

where Ei = (.(Si), Hi = H{Si) are the lengths and heights of the sides Si of N~{P), 
and E', = (.{S'A, i?' = F[{S'j) are the lengths and heights of the sides S'' of N^{Q). 

We recall that for a side S of slope — oo we took H{S) = oo by convention. Thus, 
the part of Rest(P, Q) that involves sides of slope — cx) is always 

(38) fo ■ ■ ■ frMovd^^iP)HiQ) + ord^^{Q)H{P)), 
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where H{P), H{Q) are the total heights respectively of N^ (P), A^^ (Q). 

Lemma 4.2. Let P{x), P'{x),Q{x) £ 0[x] be monic polynomials. 

(1) Rcst(P, Q) = if and only if ujr{P)ujr{Q) = 0, 

(2) Rest(P, Q) < oo if and only if ord^^{P) ordcf,^{Q) = 0, 

(3) Rest(P,Q) = Rest(Q,P), 

(4) Rest (PP', Q) = Rest(P, Q) + Rest(P', Q). 

Proof. The three first items are an imnicdiatc consequence of the definition. Item 
4 follows from N- {PP' ) = A^- (P) + Af,7 (P' ) • □ 

In the simplest case when N^{P) and N^{Q) are both one-sided, Rest(P, Q) 
represents the area of the rectangle joining the two triangles determined by the 
sides, if they are ordered by increasing slope. The reader may figure out a similar 
geometrical interpretation of Rest(P, Q) in the general case, as the area of a union 
of rectangles below the Newton polygon N^{PQ) = N^{P) + N^{Q). 



kN-{p) 




Our aim is to compute w(Res(P, Q)) as a sum of several Rest(P, Q) for an ade- 
quate choice of types t. To this end, we want to compare types attached to P and 
Q, and this is uneasy because in the definition of the sets tr{P), tr{Q), we had 
freedom in the choices of the different representatives (f>i (x) . For commodity in the 
exposition, we shall assume in this section that these polynomials are universally 
fixed. 

Convention. We fix from now on a monic lift 4>i{x) G 0[x] of every monic 
irreducible polynomial "00 (j/) G ^[v]- We proceed now recursively: for any 1 <i < r 
and any type of order i 

t ^ {(pi(x)\\i,(j)2{x)\-- ■ ; Xi^i,(l)i{x); Xi,ipi{y)), 

with 01 (x) , . . . , 0i (x) belonging to the infinite family of previously chosen polyno- 
mials, we fix a representative 0i+i(a;) oft. Also, we assume from now on that all 
types are made up only with our chosen polynomials (j}i{x). 



Once these choices are made, the set tr{P) is uniquely determined by r and P{x). 
More precisely, tr{P) is the set of all types t of order r such that tj*_|_;^(P) > and 
the truncation tj.-i is not P-complete; in other words, 

tr{P) = {t type of order r such that w*+i(P) > 0, w*(P) > 1}. 

However, in view of the computation of resultants, we need a broader concept of 
"type attached to a polynomial" . 
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Definition 4.3. For any monic polynomial P{x) G 0[x\, we define 

ir{P) := {t type of order r such that w*+i(P) > 0} 3 t,.(P). 

The following observation is a consequence of the fact that uj^+i i^ ^ semigroup 
homomorphism for every type t of order r. 

Lemma 4.4. For any two monic polynomials P{x), Q{x) G 0[x\, we have tr{PQ) — 

ir{P)uir{Q). a 

Note that the analogous statement for the sets tr{P) is false. For instance, let 
P{x), Q{x) be two monic polynomials congruent to the same irreducible polynomial 
V'(y) modulo m. Wehaveto(-P) = to(Q) = {i^iv)} = ^o{PQ), and the type of order 
zero 4'{y) is P-complete and Q-complete; thus, ti(P) == = ti(Q). However, 4'{y) 
is not PQ-complete, and ti{PQ) ^ 0. 

We could also build the set tr{P) in a constructive way analogous to that used 
in the last section to construct tr{P). The only difference is that the P-complete 
types of order r — 1 are expanded to produce types of order r as well. Thanks to 
our above convention about fixing a universal family of representatives of the types, 
these expansions are unique. 

Lemma 4.5. Let P{x) G 0[x\ be a monic polynomial. Let t he a P-complete type 
of order r — 1 with representative (j)r{x), and suppose that P{x) is not divisible 
by 4>r{x) in 0[x\. Then, t can he extended to a unique type t' G tr{P) such that 
t'j._i = t. The type t' is P-complete too. 

Proof. By Lemma [2.171 N^{P) has length one and finite slope A^ G Q^; hence, 
deg R\^{P){y) — d{Nj^{P)) = 1. Let ipr{y) be the monic polynomial of degree one 
determined by R\^{P){y) ^ i'riy)- The type t' = (t; A^, ipr{y)) is P-complete, and 
it is the unique type of order r such that t^_j = t and a;*_|_^(P) > 0. In fact, let us 
check that w*'+i(P) = for any t" = (t; A^, ^'^(y)) ^ t'. If A; ^ A^, thenPA^(-P) is 
a constant; if A^ = A^, but '0r(y) 7^ ''Priy) then ip'j.{y) cannot divide R\^{P){y). D 

Lemma 4.6. Let P{x) G 0[x\ be a monic polynomial. Then, tr{P) — 9 if and 
only if all irreducible factors of P{x) are the representative of some type of order 
0, 1, . . . , 7' — 1. Moreover, if P{x) is irreducible and tr{P) ^ 0, then \tr{P)\ — 1. 

Proof. By Lemma [4.4) we can assume that P(x) is irreducible. If P{x) = (psix) is 
the representative of some type of order s — 1 < r — 1, then Ns{4>s) is one-sided of 
slope —00; hence, Pa^C^s) is a constant for every A^ G Q^, and (jj*^j^((/)s) — 0, for 
every type t' of order > s. Thus, tr{(l>s) — 0, for all r > s. Otherwise, the theorems 
of the polygon and of the residual polynomial show that the unique element of 
to(P) can be successively extended to a unique element of ti(P), . . . ,tr(P). D 

Definition 4.7. For any pair of monic polynomials P{x),Q{x) G 0[x], and any 
natural number r > 1, we define 

ReSriP,Q):^ J2 Rest(P,Q). 

tet,_i(P)nt,_i(Q) 

The following observation is an immediate consequence of Lemma [ 

Lemma 4.8. The following conditions are equivalent: 
(1) Res,+i(P,g)=0, 
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(2) t,(P)nt,(Q) = 0, 

(3) For all t G t,._i(P) ntr-i(Q) and all A^ G Q^, t/ie residual polynomials of 
r-th order, R\^{P){y), R\^{Q){y), have no common factor in¥r[y\. □ 



The following result is an immediate consequence of Lemmas 14.21 and 14.41 

Lemma 4.9. For any three monic polynomials P(x), P'{x),Q{x) G 0[x], and any 
natural number r > 1, we have ReSr(PP', Q) — Res,.(P, Q) + Res,.(P', Q). D 

Theorem 4.10. Let P{x),Q{x) G 0[x] be two monic polynomials having no com- 
mon factors, and let r > 1 be natural number. Then, 

(1) ^;(Res(P,Q)) > Resi(P, Q) + • ■ • + Res^(P, Q), 

(2) Equality holds if and only i/ReSr+i(P, Q) = 0. 

Proof. Let us deal first with the case where P{x), Q{x) are both irreducible and 
tr-i(P) = tr-i{Q) = {t}, for some type t = ((/)i(a;); ■ • ■ ; A,-_i, -0^-1(0;)). For 
< i < r, let Ei,Hi be the length and heigth of the unique side of Ni{P), and 
E[,H[ be the length and heigth of the unique side of Ni{Q). By Lemma \2A\ P 
and Q are both of type t; thus, Ht/Ei = H[/E[, for all 1 < i < r, with EiE[ > 0, 
< HiHl < 00 (because P, Q cannot be both equal to (t)i{x)). Suppose that 
— Ar :~ Hr/Er < H'r/E'j. =: — AJ,; in particular, Hr < 00, and P{x) ^ (j)rix). 

Let 4>r{x) be the representative oft, and let R\i^{Q){y) be the r-th order residual 
polynomial of Q{x) with respect to (t; A^). By the Theorem of the residual poly- 
nomial, R\>^{Q){y) ~ "f^'rivY for some monic irreducible polynomial V'r(2/) ^ Fr[y]. 
Consider the type of order r, t' = (t; AJ,, ip'j.{y)). 

It is well-known that 

Res(P,Q)=± ]J P{e). 

Q{9)=0 

By applying Proposition 12.91 to the type t', we get 



(39) 



KPiO))>vl+,iP)/e 



1 • • • Sr^ie 



{Vr{P) + Hr)/ei •••Cr-l, 



the last equality by the definition of v'^.^^. Also, equality holds in (|39p if and only 
if w^^]^(P) = 0, where w^+i is the pseudo-valuation of order r + I attached to t'. 



<+iiP)/< 



Vr{P) 



Nr{P) 




By Lemma [^^ deg Q — mrUj^iQ) — /oci/i • • • Cr-ifr^iE'^. If we apply recursively 
v,+iiP) = e.ivsiPs) + H,), S^+i = {esfs)-^E'^, for all 1 < s < r, and t;i(P) = 0, 
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we get 

viRes{P,Q)) = deg{Q)viPi9)) > deg Q "'' ^-^^ + ^" 

ei ■ • -er-i 

= fa---.fr-lEUVriP)+Hr) 

r r 

s=l s=l 

and equality holds if and only if uj'j.^i{P) = 0, i.e. if and only if Rx'^{P){y) is 
not divisible by ipr{y)- This condition is equivalent to (3) of Lemma l4?8l because 
Rx^{P){y) ~ ^r{yY for some monic irreducible polynomial ipr{y) G Fr[y], and 
R\" (P) (y) is a constant for any negative rational number A" 7^ A^ . This ends the 
proof of the theorem in this case. 

Let us still assume that P{x), Q{x) are both irreducible, but now tr-i(P) n 
ir-i{Q) = 0. If to(P) nto(Q) = 0, then Resi(P,Q) = ••■ = Res^(P,Q) = 
ReSr.+i(P, Q) ~ 0, by definition. On the other hand, u(Res(P, Q)) — 0, because 
P{x) and Q{x) have no common factors modulo m; hence, the theorem is proven 
in this case. Assume to(P) n to(Q) ^ 0, and let 1 < s < r be maximal with the 
property is^i{P) r\is-i{Q) ^ 0. Clearly, ReSr.(P, Q) = for all r > s; thus, we 
want to show that w(Res(P, Q)) — Resi(P, Q) + ■ ■ ■ + RcSs(P, Q), and this follows 
from the proof of the previous case for r — s. 

Let now P{x) = Pi{x) ■ ■ ■ Pg{x), Q{x) — Qi{x) ■ ■ ■ Qg'{x) be the factorizations of 
P{x), Q{x) into a product of monic irreducible polynomials in 0[x]. We have proved 
above that u(Res(Pi, Qj)) > Resi(Pi, Qj) + - ■ ■ + ReSr(Pi, Qj) for all i,j; hence, item 
1 follows from Lemma 14.91 and the bilinearity of resultants. Also, equality in item 
1 holds for the pair P, Q if and only if it holds for each pair Pi, Qj; that is, if and 
only if ReSr+i(Pi, Qj) ~ 0, for all i, j. This is equivalent to ReSr+i(P, Q) = 0, again 
by Lemma H7^ D 

We end this section with an example that illustrates the necessity to introduce 
the sets t^(P). Let O = Zp, P{x) = x+p, Q{x) = x+p+p^^°, and let to = y G F[y]. 
Clearly, to(P) = {to} = to(Q), and to is both P-complete and Q-complete, so that 
ti(P) = = ti(g). If wc take 0i(a;) = a;, we get Resi(P,Q) = Resto(P,Q) = 1, 
whereas i'(Res(P, Q)) = 100. Thus, we need to consider the expansions of to to 
types of higher order in order to reach the right value of u(Res(P, Q)). The number 
of expansions to consider depends on the choices of the representatives 0i (x) ; for 
instance, if we take t = (z; —1, y + 1), with representative (j)2{x) ^ x + p, we have 
already Res2(P,(3) =99. 

Nevertheless, the sets tr{P) were introduced only as an auxiliary tool to prove 
Theorem 14.101 In practice, the factorization algorithm computes only the sets 
tr(P), as we shall show in the next section. 

4.2. Index of a polynomial and index of a polygon. All types that we consider 
are still assumed to be made up with polynomials (l)i{x) belonging to a universally 
fixed family, as indicated in the last section. 

Let F{x) G 0[x] be a monic irreducible polynomial, e Q^ a root of F{x), and 
L = K{9). It is well-known that (0^ : 0[9]) = g'"d(i=^)^ j^j. ^^^^ natural number 
ind(P) that will be called the v-index of F{x). Note that 

indiF) ^ viOL-. O[0])/[K : Qp]. 
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Recall the well-known relationship, v{disc{F)) = 2ind(F) + v{disc{L/K}), linking 
ind(_F) with the discriminant of F(x) and the discriminant of L/K. 

Definition 4.11. Let f{x) G 0[x] be a monic separable polynomial and f{x) = 
Fi (x) • ■ ■ Fk (x) its decomposition into the product of monic irreducible polynomials 
in 0[x]. We define the index of f{x) by the formula 



ind(/):=^ind(F,; 



E 

l<i<j<k 



w(Res(^„F,)). 



Definition 4.12. Let S be a side of negative slope, and denote E — £{S), H 
H(S), d = d{S). We define 



ind(5) := 

Let N =^ Si + 

slopes Xi < ■ ■ ■ < Xg. 



\{EH -E-H + d), 



if S has finite slope, 
otherwise. 



\- Sg be a principal polygon, with sides ordered by increasing 
We define 



ind(iV) 



g 

E 



ind(S'i) 



l<i<3<g 



EiHj. 



If N has a side 5*1 of slope — oo and length Eoo '■— Ei, it contributes with 
EooHfin{N) to ind(A^), where iffin(-/V) is the total height of the finite part of N. 

Remark 4.13. Note that ind(A^) ^ if and only if either N is reduced to a point, 
or N is one-sided with slope — cxd, or N is one-sided with E — 1 or H = I. 

Remark 4.14. The contribution of the sides of finite slope to ind(A'^) is the number 
of points of integer coordinates that lie below or on the finite part of N , strictly above 
the horizontal line L that passes through the last point of N , and strictly beyond 
the vertical line L' that passes through the initial point of the finite part of N . 

For instance, the polygon below has index 25, the infinite side contributes with 
18 (the area of the rectangle 3x6) and the finite part has index 7, corresponding 
to the marked seven points of integers coordinates, distributed into ind(5i) = 2, 
ind(52) = 1,^1^^2=4. 



7 
1 


L'\ 


1 \^' 

! X \ 

1 X X >^^v 


^ . \^ X 





3 8 



Let ii < i2 be the respective abscissas of the starting point and the last point of 
the finite part N^n of N. For any integer abscissa ii < i < i2, let yi be the distance 
of the point of N of abscissa i to the line L. Clearly, we can count the points of 
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integer coordinates below -/Vgn, above L and beyond L', as the sum of the points 
with given abscissa: 

(40) ind(iVfi„) = [j/n+iJ + ■ • • + \y^2-i\ ■ 

For instance, in the above figure we have y^ = 4, y^ = 2, y^ — 1 and y-; = 0. 

Definition 4.15. Let P(x) G 0[x\ be a monic and separable polynomial. Let t be 
a type of order r — 1 and (j)r{x) a representative oft. We define 

indt(P):=/o---/.-iind(iV-(P)), 

where Nr{P) is the Newton polygon of r-th order with respect to t. 
For any natural number r > 1 we define 

mdr{P) := Yl indt(P). 

tet,_i(P) 

Since the Newton polygon N~{P) depends on the choice of (j)r{x), the value of 
indt(P) depends on this choice too, although this is not reflected in the notation. 

Lemma 4.16. Let P{x) £ 0[x\ be a monic and separable polynomial. 

(1) Let t be a type of order r, and suppose that t ^ tr(P) or t is P -complete. 
Then, indt(F) = 0. 

(2) Iftr{P) = t^(F)™'"Pi then indr+i(P) = 0. 

(3) Ifim\r{P) = 0, then t^(P) = t^(P)™™Pi. 

Proof. If t ^ tr-i(P), then either uJr{P) = or uJr-i{P) = 1. If t is P-complete 
then uJr{P) = 1. By Lemmas [22] and EHH in aU cases e{N-{P)) = uJr{P) < 1, 
and indt(P) = by Remark 14. 131 This proves item 1, and item 2 is an immediate 
consequence. 

If ind.r(P) = 0, then indt(P) = for all t G tj.-i(P). For any such t we have 
uJr{P) > 0, so that N~{P) is not reduced to a point. By Remark 14. 13[ N~{P) is 
one-sided with either slope — oo, or length one, or height one. In the first case P{x) 
is divisible by the representative (t)r{x) oft and LOr{P) = ^{N^ (P)) = ord^^ (P) — 1, 
because P{x) is separable; thus, t is P-complete and t is not extended to any type in 
tr(P). If N~{P) is one-sided with finite slope Ar and the side has degree one, then 
the residual polynomial R\^{P){y) has degree one. Thus, t is either P-complete 
or it can be extended in a unique way to a type t' G tr(P); in the latter case, 
necessarily w*_|^]^(P) = 1 and t' is P-complete. This proves item 3. D 

Lemma 4.17. Let P{x),Q{x) G 0[x\ be two monic and separable polynomials, 
without common factors. Let r > 1 be a natural number and t a type of order r — 1 . 
Then, 

indt (PQ) = indt(P) + indt(g) + Rcst(P, Q), 
ind^ (Pg) = indr(P) + ind^(Q) + RcSr(P, Q). 

Proof. For commodity, in the discussion we omit the weight /o • • • /r-i that multi- 
plies all terms in the identities. 

All terms involved in the first identity are the sum of a finite part and an infinite 
part. If P{x)Q(x) is not divisible by (j>rix), all infinite parts are zero. If (j)r{x) di- 
vides (say) P(x), then the infinite part of indt (PQ) is ord0^(P)(i?fin(P) + -fffin(Q)), 
the infinite part of indt(P) is ord0^(P)iJfin(P), the infinite part of indt(Q) is zero, 
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and the infinite part of Rest(P, Q) is ord0^(P)i?(Q), by ([38|) . Thus, the first iden- 
tity is correct, as far as the infinite parts are concerned. 

The finite part of the first identity follows from N-{PQ) = N-{P) + N-{Q) 
and Remark 14.141 Let N = N~{PQ) and let TZ be the region of the plane that lies 
below iV, above the line L and beyond the line L', as indicated in Remark 14.141 
The number indt{PQ) counts the total number of points of integer coordinates in 
7^, the number indt(P) + indt(Q) counts the number of points of integer cordinates 
in the regions determined by the right triangles whose hypotenuses are the sides of 
N~{P) and N~{Q). The region of TZ not covered by these triangles is a union of 
rectangles and Rest(-P, Q) is precisely the number of points of integer coordinates 
of this region. 

In order to prove the second identity, we note first that for any monic separable 
polynomial R{x) G 0[x], 

mdr{R) = Yl indt(i?), 

by (1) of Lemma [4. 161 Now, if we apply this to R = P,Q, PQ, the identity follows 
from the first one and Lemma [4.4) having in mind that indt(Q) = = Rest(P, Q) 
if t ^ tr-i{Q), because N^{Q) reduces to a point. D 

We are ready to state the Theorem of the index, which is a crucial ingredient of 
the factorization process. It ensures that an algorithm based on the computation 
of the sets tr{f) and the higher indices indr.(/) obtains the factorization of f{x), 
and relevant aritmetic information on the irreducible factors, after a finite number 
of steps. Also, this algorithm yields a computation of ind(/) as a by-product. 

Theorem 4.18 (Theorem of the index). Let f{x) G 0[x] be a monic and separable 
polynomial, and r > 1 a natural number. Then, 

(1) ind(/) > indi(/) + • ■ • + ind,(/), and 

(2) equality holds if and only if mdr+i{f) = 0. 

Note that Lemma 14.161 and this theorem guarantee the equality in (1) when- 
ever all types of tr{f) are /-complete. Also, Theorem 14.181 shows that this latter 
condition will be reached at some order r. 

Corollary 4.19. Let f{x) G 0[x] be a monic and separable polynomial. There 
exists ?■ > such that all types in tr{f) are f -complete, or equivalently, such that 
t.+i(/) = 0. 

Proof. By the Theorem of the index, there exists r > 1 such that indr(/) — 0, and 
by (2) of Lemma on this implies t^(/) = t^(/)™"P^ D 

In the next section we exhibit an example where the factorization is achieved in 
order three. More examples, and a more accurate discussion of the computational 
aspects can be found in [GMNOSa] . 

4.3. An example. Takep = 2, and f{x) =^ x'^ + ax'^ + bx + c G Z[a;], with v{a) > 2, 
v{b) = 3, v{c) = 2. This polynomial has v{disc{f)) = 12 for all a,b,c with these 
restrictions. Since f{x) = x^ (mod 2), all types we are going to consider will start 
with (j)i{x) = X. The Newton polygon Ni{f) has slope Ai ~ —1/2 
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and the residual polynomial of f{x) with respect to Ai is Ri{f){y) — y'^ + 1 = 
[y + 1)^ e F, where F is the field ot two elements. Hence, ti(/) — {t}, where 
t :— {x; — 1/2, y + 1). We have ei = 2,/o = /i = 1 and oj2{f) — 2, so that t is 
not /-complete. The partial information we get in order one is indi(/) = 2, and 
the fact that all irreducible factors of f{x) will generate extensions L/Q2 with even 
ramification number, because ei = 2. 

Take (j)2{x) = a;^ — 2 as a representative of t. The (/)2-adic development of f{x) 
is 

fix) = Mxf + {a + 4:)(t)2ix) + {bx + c + 2a + 4). 
By Proposition 12 . 71 and P^ . we have 

W2(x) = 1, V2i(t)2) =2, V2ia + 4) >4, V2ibx) = 7, V2{c + 2a + 4) > 6. 

Hence, according to v{c + 2a + 4) = 3 or v{c + 2a + 4) > 4, the Newton polygon of 
second order, N2{f), is: 





v(c + 2a + 4) 



v{c + 2a + 4) > 4 



If v{c + 2a + 4) > 4, N2{f) is one-sided with slope A2 = -3/2, and i?2(/)(y) = 
y + 1. The type t' := (x; -1/2, x'^ - 2; -3/2, y -M) is /-complete and t2(/) = {t'}. 
We have 62 = 2, /2 — 1. Thus, f{x) is irreducible over Z2[x], and it generates 
an extension L/Q2 with e(L/Q2) = 6162 = 4, /(L/Q2) — /0/1/2 = 1- Moreover, 
ind2(/) = 1, so that ind(/) = indi(/) -t- ind2(/) = 3. 

If v{c -I- 2a -f 4) = 3, N2{f) is one-sided with slope A2 ~ —1, and i?2(/)(y) = 
y^ + 1 = (j/ + 1)2. The type t' := {x; -1/2, x"^ - 2;-l,y + 1) is not /-complete, 
t2(/) = {t'}, and we need to pass to order three. We have ft.2 = 62 = /2 = 1 
and ind2(/) = 1. Take (f>3{x) = x^ — 2a: — 2 as a representative of t'. The ^3-adic 
development of f{x) is 

f{x) = (l)3{x)^ + (Ax + a + 8)(j)3{x) + (b + 2a + 16)x + c + 2a - 

By Proposition 12.71 and (fT6|) . we have 

vaix) = 1, 1^3(03) = 3, i;3(4a:) = 5, v^ic + 2a+ 12) > 8, 



12. 



vsiAx^ 



t ^[t!;?' .3((^+2a+i6).)=/^9' i;^);^, 

5, it v(a) > 3, ^^ ' ' [ 7, it v[a) > 3. 

We have now three possibilities for the Newton polygon of third order 
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v{a) = 2, 
v{c + 2a + 12) = 4 



> 9 




v{a) = 2, 
v{c + 2a + 12) > 5 



liv{a) > 3, N^if) is one-sided with slope A3 = -1/2, and i?3(/)(y) = y + l. The 
type t" := (x; -1/2, 02(a;); -1, .^3(3;); -1/2, y + 1) is /-complete and t3(/) = {t"}. 
We have 63 = 2, /s = 1. Thus, f{x) is irreducible over 1'2[x], and it generates 
an extension L/Q2 with e(L/Q2) = 616263 = 4, /(i/Q2) = /0/1/2/3 = 1- Also, 
ind3(/) = 0, so that ind(/) = indi(/) + ind2(/) + ind^if) = 3. 

If v{a) = 2 and u(c + 2a + 12) = 4, A^3(/) is one-sided with slope A3 = —1, and 
R3{f)iy) = y^ + y+l- The type t" := (a:; -l/2,(/.2(x); -1,^3(2:); -l,y2 + y+l) is /- 
complete and t3(/) = {t"}. We have 63 = 1, /3 = 2. Thus, f{x) is irreducible over 
Z2[a;], and it generates an extension L/Q2 with e(L/Q2) = 616263 = 2, f{L/Q2) — 
/0/1/2/3 = 2. Also, ind3(/) = 1, so that ind(/) = indi(/) + ind2(/) -f indjC/) = 4. 

If v{a) = 2 and t;(c + 2a + 12) > 5, A^3(/) has two sides with slopes A3 < —2, 



Ai 



1, and Rx3{f){y) — Rx^ {f)iy) = 2/ + 1- There are two types extending t': 



^2 



(x; -1/2,^2(2;); 
(x; -1/2,^2(2;); 



-l,03(x);A3,y+ 1), 
-l,03(x);-l,2/ + l). 



Both types have 63 = /3 = 1, they are both /-complete and t3(/) = {t",t2}. 
Thus, f{x) has two irreducible factors of degree two over Z2[a;], and both generate 
extensions L/Q2 with e(L/Q2) = 2, /(L/Q2) = 1- Finally, ind3(/) = 1, so that 
ind(/) = indi(/) + ind2(/) + ind3(/) = 4. 

In the final design of Montes' algorithm, this polynomial f{x) is factorized 
already in order two. In the case v{c -I- 2a + 4) = 3 the algorithm considers 
4>3{x) = x^ — 2x — 2 as a different representative of the type t, in order to avoid 
the increase of recursivity caused by the work in a higher order. See |GMN08a] for 
more details on this optimization. 



4.4. Proof of the Theorem of the index. Our first aim is to prove Theorem 
14. 181 for /(x) G 0[x] a monic irreducible polynomial of degree n, such that tr{f) is 
not empty. By Lemma l4!6l tr{f) — {t} for some t = (0i(x); • • • , <prix); Xr^ipriy)), 
and f{x) 7^ 4>s{x) for s — l,...,r. By Lemma 12.41 /(x) is of type t and n — 

rrir+lWr+lif)- 

For 1 < s < r, let Es,Hs, ds be the length, height and degree of the unique side 
of Ns{f). Note that Es > 0, because /(x) is of type t, and < Hg < 00, because 
/(x) = (?!)s(x). By the Theorem of the residual polynomial, Rx^{f) ^ V-'r(y)"'', for 

Ur = UJr+l{f) > 0. 
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Let 9 & Qp a. root of f{x), L — K{9), and let us fix an embedding ¥r[y]/ilJr{y) '^ 
Fi, as in ([55)1 . We introduce now some notations: 

I's := v{(ps{0)) = Y.'i-i s«/« ■ ■ ■ e^-i/s-i — , for all 1 < s < r, 

ei . . . e^ 

i<j := jii'i + ■■■+ jri^r e Q, for all j = (jo, •■•,>)€ N'^+i, 

^0 := /o; bs ■■= esfs, for 1 < s < r; 6^ := CrfrUr, 
J := {j e N'-^+i I < js < 6s, < s < r}. 

Lemma 4.20. Let O^ 6e the suh-O -module of Ol generated by {$(j) | j G J}. 
Then, 

(1) O^ is a free O-module of rank n, with basis {^(j) | j G J}, 

(2) 0[9] C O'l, and {O'^: 0[e]) = g^J^^L^^jJ. 

Proof. Clearly, \J\ — n, and the numerators of $(j), for j G J, are monic poly- 
nomials of degree 0, 1, . . . , n — 1. Thus, the family {^(j) | j G J} is O-linearly 
independent. This proves item 1 and 0[d] C 0^. Finally, since the numerators of 
'J'U), for j G J, are an O-basis of 0[9]: 

jGJ je./ 

and since \0/n''0\ = q", we get (O^ : 0[6l]) = g^JS'^L-^jJ . D 

Our next step is to prove that O^ is actually an order of Ol- To this end we 
need a couple of auxiliary results. 

Lemma 4.21. Let Q{x) = J2j={jo,...,j,._,,o)eJ^i^^"'l>ii^y^ ■ ■ ■'l^r-i{xy''-\ for 
some flj G C Then, 

v{Q{9)) = _ min {«(aj) + i^j}. 

J = 0o,---Jr-1,0)GJ 

Proof. Since degQ < 'Tir, we have v{Q{9)) — Vr{Q)/ei ■ ■ ■ e^-i by Lemma [2.21 and 
Proposition l2.9l Let us prove v{aj) + i^j > Vr{Q)/ei ■ ■ ■ er^i by induction on r > 1. 
If r = 1 this is obvious because vi{Q) = min{u(aj)}. Let r > 2 and suppose the 
result is true for r — 1. For each < jr-i < 6r-i, consider the polynomial 

Qj„_i(x) = ^ flj x^^M^y ■ ■ ■ </>.-2(x)■'■-^ 

(jo,---,>~2,o,o)eJ 
where j = (jo, ■ • • , jr-2, jr-i, 0) in each summand. Clearly, 

Q{x)= Y. Q>-i(x)0.-i(x)>-S 

0<j,._i<fc^_i 



NEWTON POLYGONS OF HIGHER ORDER IN ALGEBRAIC NUMBER THEORY 51 

is the (/)r-i-adic development of Q{x). By item 3 of Proposition 12.71 the Theorem 
of the polygon and the induction hypothesis we get 

Vr{Q)/er-l^ min {Vr-liQj^_J + jr-liVr~l{(t>r^l) + \K-l\)} 

0<jr-l<br-l 

= min {Vr-l{Qj^_J + jr-lSl- ■■er-2l^r-l} 

0<jr-l<b,--l 



<ei ■ •■e,._2(l'(aj) + jlVl H \- jr-2l^r-2 +jr-ll^r-l) ■ 



D 



,>j 



Lemma 4.22. Let j = (jo, ...,>) e N''+^ 

(1) For alio <s <r, 

$Oo, • ■ ■ ,js-l,js + bs,js+l, ■■•,>) = 7r*-i'=$(jo, • ■ -JsJs+l + 1, js+2, ■ 

+ J2 Cj,y$(j+j'), 

J'=0'o.---J^o,...,o)eJ 

for some nonnegative integer (5j,s and some Cjj' S C 

(2) $(jo, . . •,>-!,> + br) == Ej'ejCjj'$(j + j'), /o?- some Cjj- e C 

Proof. Let < s < r, and denote (/'o(2;) = x, j/q = 0, eo = 1. The polynomial 
Q(x) = (psix)^' — 0s+i(a;) has degree less than rus+i — hsTUs] hence, it admits a 
development 

Q{x)^ ^ ay x^'°(j)i{xy'^ . . . (j),{xy'' , 

J'=Oo'---J^o,...,o)eJ 

for some ay G O. If we substitute (ps{x)''' = (j)s+i{x) + Q{x) in <f>(jo, ■ ■ • ,js-i,js + 
bs-ijs+i: ■ ■ ■ jjr) we get the identity of item 1, with 

Si,s = [i^i + ^s+ij - L^j + 6s^sJ, cyy = ay n^-s+-^yi-l-^+^^-'i . 

Clearly, 

Vs+i = CsfsVs H > bsVs, 

ei • • -es+i 

so that 5ys > 0. Also, Vs+i > bsVs implies that v{Q{9)) — bsVs, and by the above 
lemma we have v{ay) + vy > bsVg- This shows that v{cyy) > 0. 

Item 2 follows by identical arguments, starting with Q{x) — 0,(x)^'^ — f{x). D 

Proposition 4.23. The O-module O'j^ is a subring of Ol- 

Proof. For all j, j' G J we have ^(j)*^^') = 7r*$(j + j'), with 5 ^ \vj + vy\ - \vj\ - 
[vy\ e {0, 1}. Thus, it is sufficient to check that $(j) e O'^, for aU j e W+^ . 

For any < s < r+l, let J, := {j = (jo, ■ ■ ■ , jr) € W+^ \ < jt < bt, s <t < r}. 
Note that Jq = J, Jr+i = W^^. Consider the condition 

{is) $(j)eOl, foraUje J.. 

By the definition of O^, the condition (jq) holds, and our aim is to show that 
(ir+i) holds. Thus, it is sufficient to show that (is) implies (Js+i), for all < s < r. 
Let us prove this implication by induction on js- Take jo = (jo, • • ■ , jr) G Js+i- 
If ^ js < bg, condition (is+i) holds for jo- Let js > b^ and suppose that 
HJo, ■ ■ ■ Ji-iJJ's+i, ■ ■ -Jr) e Ol, for aU j^, . . . , j^,_i G N, all < j < j,, and all 
< Jt < bt, for t > s. 
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By item 2 of the last lemma, applied to j = {jo, ... , js-i, js — fos, 0, . . . , 0): 

(41) $(jo,...,js-i,j.-6s,0,...,0,5^) = ^Cjj,$(j+j'), ifs<r, 

ye J 

and $(jo, ■ ■ ■ ,jr) — X]j'Gj"^JJ''^(J + J'); a s — r. In both cases, the terms $(j + 
j') belong to O^, because the s-th coordinate of j + j' is js — bg + jg < js- In 
particular, if s = r we are done. If s < r we apply item 1 of the last lemma to 
j = (io, • • -^.is-ijs - bs,js+i, ■ ■ -Jr) and we get 

J'=(jo.---Js.o.....o)eJ 

The last sum belongs to O^ by the same argument as above. Thus, we need only 
to show that the term <I>(jo, ■ ■ ■ ,js — bs,js+i + 1, js+2, • . • ,jr) belongs to O^ too. 
If js+i + 1 < bs+i, this follows from the induction hypothesis. If js+i + 1 = bg+i 
and s — r — 1, this is clear by (j4ip . Finally, if js+i + 1 = 6s+i and s < r — 1, 
we can apply item 1 of the last lemma again to see that it is sufficient to check 
that <J>(jo, ■ ■ ■ ,js — bs, 0, js+2 + !,... ,jr) belongs to O^. In this iterative process 
we conclude either by (|^T|) . or because we find some jt + I < bt. □ 

We need still some auxiliary lemmas. The first one is an easy remark about 
integral parts. 

Lemma 4.24. For all x dM and e G Z>o, we have X)o<fc<e ~ W- 

Proof. The identity is obvious when x is an integer, < a; < e, because = 1 

I e - 
for the X values of k such that e — x < k < e, and it is zero otherwise. 

Write X = n + e, with n = [x\ and < e < 1; clearly, [(a; + k)/e\ — [{n + k)/e\ , 

because e/e < 1/e. Consider the division with remainder, n — Qe + r, with 

< r < e. Then, 

+ k 



E 



E [Q 



0<fc<e 0<fc<e 



eQ 



D 



Lemma 4.25. Take eo = 1, ho = by convention. Every ] G M^+^ can be written 
in a unique way: j = j' + j", with '}' , j" belonging respectively to the two sets: 

J' ■■= {j' = (jo, • • ■ , j;) e W+^ I < j^ < e„ for all < s < r} C J, 

J" ■■= {j" = (jo , ■ • ■ , J-;') e N'-+i I fj = (mod e,), for all < s < r}. 

Then, for any y — (fco, eifci, . . . , Crkr) £ J" , there is a unique y = (jq, . . . , j^) G J' 
such that ^(^(j' + j")) ~ 0- Moreover, j'^ = 0, and j'^ depends only on kg+i, . . . ,kr, 
for < s < r. 

Proof. For any j G W^^ denote by Aj the positive integer 

r s 

Aj := ei ■ • -ej-fj = E-^^E^*-^* ' ' ' '^s-ifs-iSi+i ■ ■ ■ e^/ii 

5 = 1 1=1 

r / r \ 

i=l \t=i / 
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Clearly, 

(42) vim)) - ^j - L^jJ - ^^ 

ei ■ • ■ e,- 



Aj 



ei ■ ■ ■ Cr 



Thus, ti($(j)) = if and only if Aj =0 (mod ei • • -Cr). Define now, for each 
< s < r, 

r / r \ 

^j.s -^ jshses+1 ■ ■ ■ Cr + ^ I y^JtSifi ■ ■ -et-ift-i j e^+i ■ ■ -erhj. 

i=s+l \t=i / 

Note that Aj.^ depends only on j's, . . . , jV, and Aj.o = Aj, Aj ,, — jrhr- Clearly, 
Aj,s — Aj,s+i = js/isCs+i • • • e^ + I 2_^ jts-s+ifs+i ■ ■ ■ et_i/t-i j es+2 ■ ■ ■ er/is+i, 

\t=s+2 J 

for all < s < r. In particular, Xjg = Aj,s+i (mod e^+i • • • e^), and 

Aj = (mod ei • ■ • e^) <J=> Aj^s = (mod e^ • • ■ e^), for all 1 < s < r. 

The condition Aj^^ = (mod e^) is equivalent to jV = (mod e^). On the other 
hand, for 1 < s < r, the condition Aj.s = (mod e^ • • ■ Cr) is equivalent to 



Aj,s+i = (mod e^+i • • • e^), and 



'^j.s+l 



jshs + {J2l=s+2 Jt{fs+i ■ ■ ■ ft-i)ies+2 ■ ■ ■ et-i)) hs+i H — = (mod Cs). 

Thus, the class of js modulo Cg is uniquely determined, and it depends only on 

js+l, •■•,>■ □ 

Corollary 4.26. Let n — (ko, . . . ,kr) & W~^^ , and let j = j' + {ko,eiki, . . . ,erkr), 
where j' is the unique element in J' such that w($(j)) = 0. Then, 

Hy) = d''"ii{e)'''---ir{o)'^-ii{eY'---7r-i{ey-\ 

for some integers ii, . . . , V-i- Moreover, each ig depends only on fcs+i, . . . ,kr. 
Proof. By LemmalOSl j = (fco,jJ +eifci, . . . ,j^_i +er-ifcr-i,erfcr). By ([17]), 

7,(0)'^==7r"-«(/.i(0)"-i...0,(0r='=% 
for all 1 < s < r, with integers Us.i that depend only on kg. Hence, 

*(j)^"''^"7l(^)"^' ■ ■■7r{0)-'''- = ^">l(0)"^ ■ ■ ■ (t>r-l{e)^'-\ 

for integers Ug that depend only on j'^ and fcg+i, . . . , fc^; hence they depend only on 
ks+i,...,kr. By Corollary ESI w(7r"o0i(6')"i • • • <?!)^_i(6')"'-i) = 0, and by Propo- 
sitions HH and [US] we have w^(7r"0(/ii(a:)"i • • • 0,._i(a:)"'-i) = q. By Lemma [211 
this rational function can be expressed as a product 71 (x)'^ • • •7,._i(a::)*''"i, -vvith 
integers zi,...,V-i such that each ig depends only on Ug, . . . ,nr~i, that is, on 

"-s+li ■ ■ ■ , Kr- I— I 

Corollary 4.27. Let ji = Ji+J", J2 = j^+j", M some Ji,j^ G J', j" G J". T/ien, 
Z)($(ji)) = w($(J2)) «/ and only if ii = J2. /n particular, 

{v{m)) I j e ^'} = {fc/ei • • • e, I < /c < ei • • • e,}. 
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Proof. Let ji = (ji,o, ■ • -ii.r), J2 ~ (J2,o, • ■ ■J2,r)- With the notations of Lemma 
K2E\ (|42l) shows that 



vim 


i))- 


«($(J2)) ^=^ 


■ -Ajl = -^02 


(mod 


ei ■■■Cr) 














<^ s 


■ -Aji^s = •Aj2,s (mod e^-'-e^), 


for alll < , 


s < r. 






For s = r 


this 


is equivalent 


to jl,r = 


J2.r- 


Also, if ji,f 


= J2,t for 


all t 


> 


s, 


then Ajj^s - 


-Aj,, 


5 = {J1..S - J2,. 


O^sGs+l ■ • 


■Br, so 


that Ajj^s = 


■ '^J2,s (mod 


e^ ■ •• 


e,.) 


is 



equivalent to ji^s = J2,s- 

Finally, it is clear that | J'| — ei ■ ■ ■ er, and we have just shown that the elements 
u($(j)), j e J', take ei • ■ • Cr different values, all of them contained in the set 
{A:/ei---e^ I 0< fc <ei---ej by dUl). D 

Proposition 4.28. Ift is f -complete, then O'j^ = Ol- Moreover, the family of all 
^(j)*(j'). fori e Jo := {j e J I vim)) = 0} andy e J', is an O-basis of Ol- 
Finally, if L/K is ramified, there exists'}' G J' such that t;i(<i>(j')) = 1, so that 
mL = m')OL- 

Proof. Corollary [SJ shows that eiL/K) ^ ei---e^, fiL/K) = fofi---fr- By 
CoroUaryg^Tl we have {wl($(J')) I J' ^ J'} = {0, 1, . . . , eiL/K) -1}; in particular, 
if eiL/K) > 1, there exists j' G J' such that v^i^i]')) ^ 1- By Lemma l425l 
I Jo I = /o/i ■ ■ ■ /r = diniF/c ^L, and each j G Jo is parameterized by a sequence 
(A:o, . . . , fcr), with < fc^. < fs for all < s < r. By item 4 of Proposition 



3.51 ¥l = F/<(7o(0), . . . ,7r(0)), where 7o(a;) '■— x. Recall that Zi = 7i(0) for all 
< i < r, under our identification of F^+i := ¥r[y\/i)riy) with F^. 
By Corollary [1251 

¥(]) = Zo""^!'^'' • • • (z.-O'-^-^+^-^Z^- = Z^^°zl'V2ik2, ...,kr)--- r,(fc,). 



where rs(fcs, ■ • ■ , fcr) := z^' izs-i)'^^^^ , for s > 2. Now, the family of all $(j) for 
j G Jo is an F^-basis of Fl. In fact, the set of all Trikr) for < fcr < fr, is 
a Fj.-basis of F^ = Fj.+i, because they are obtained from the basis z^'', just by 
multiplying every element by the nonzero scalar z^Ti^ G F^, which depends only on 
k,.. Then, the set of all Tr-iikr-i,kr)Trikr) for < fc,.„i < /r-i, < kr < fr, is a 
Fr_i-basis of F^, because they are obtained from the basis (zr-i)'°''"^rr(fcr), just 
by multiplying every element by the nonzero scalar z^''~2 G F^-i, which depends 
only on kr-i, kr, etc. 

Therefore, the eiL/K) fiL/K) elements $(j)$(j'), J e Jo, J' e J', are a O-basis 
of Ol ■ By Proposition I4.23[ all these elements are contained in 0^ , and we have 
necessarily O^ = Ol. □ 

Proof of Theorem \4.18\ Suppose first that fix) G 0[x] is a monic irreducible poly- 
nomial, such that trif) = {t}. In this case we have built an order 0[9] C O^ C Ol, 
such that 

(43) iOL:O[0]) = g'"'*^-^^ (O^ : O[0]) = q^ie.,l-ii^ 

the last equality by Lemma 14.201 Therefore, in order to prove item 1 of Theorem 
14.181 it is sufficient to show that 

(44) /o J2 N=indi(/) + --- + ind,(/). 

j=(0ji,...,i,)ej 
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Let US prove this identity by induction on r > 1. For r = 1 we have indi(/) = 
/oind(A^i(/)), and jvi = j\Xi\ = yjiNi{f)); thus, ([44|) was proved already in (|40l) . 
From now on, let r > 2. Both sides of the identity depend only on a^, /o and the 
vectors e = (ei, . . . , e^), f = (/i, . . . , fr-i), h = {hi, . . . , hr). Recall that 

Vs = i^s(e, f, h) := ^Ci/i- --es-ifs-i 



ei 



If we denote e' — (e2, . . . , e^), f — (/2, • • ■ , fr-i), h' = (/12, • ■ • , hr), it is easy to 
check that, for every 2 < s < r: 



iys{e,i,h) - ^/i/ii = -iys-i{e',i',h'). 
1712 ei 



(45) 

Let us show that the identity 

r 

/o E [5]j.^.(e,f,h)J =indi(/) + ... + ind,(/), 

j = {0..jl,...,j^)fEJ s=l 

holds for any choice of a^, /o and e,f, h, under the assumption that the same 
statement is true for r — 1. Write ji = jei + k, with < j < /i, < fc < ei, and 
let < Sfc < ei be determined by khi = Sk (mod ei). Then, by (|45p . 



s=l ^^ s=2 

= E^'^— /I'^i +-?'^i + 1 fc- + - Ej.^.-i(e',f' ,h': 

■■^ 1712 L ei ei -^^ 



s=2 ^ 



hi 



:\ 



s=2 
Sfc 

ei ei 



r-l 

-^j,+ii/.(e',f',h' 



Therefore, it is sufficient to check the two identities: 

. TO., 

h 
=2 



To 



E 



y2js^-fihi +jhi 



ei 



indi(/), 



(o,o,i2,.--.jr) e J 

< J < /i , < fc < ei 



/o 



E 



ei ei 



r-l 



+ - V J.+iz^s(e',f' , h') = ind2(/) + ■ • • + ind,(/). 
p-^ ^ — ^ 



s=l 



{o,o,j2,.-.,jr) e ./ 

0<j</l,0<fc<ei 

The integers < i < (nj ]q) are in 1-1 correspondence with the vectors (0, j\, . . . , jr) 
in J via: 

« = ii + J2{m2/fo) H h jr{mr/fa). 

Therefore, the left-hand side of the first identity is equal to /oX]o<j<(n/f )L*7^Ji 
which is equal to indi(/) by (|40p. The second identity follows from the induction 
hypothesis. In fact, the set {sk | < A: < ei} coincides with {0, 1, . . . , ei — 1}, and 
by Lemma 14.241 the left-hand side of the identity is equal to 

r-l 

/o/i E [J2js+i>^sie',i',h') . 

(0,0,J2,---J,-)6J s=l 
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Let US prove now the second part of the theorem. Suppose that md(/) = 
indi(/) + • • • + ind.r(/). Let (j>r+i{x) be the representative of t; if f{x) — (j)r+i{x), 
we have directly indr+i(/) = because Nr+i{f) is a side of slope — oo. If f{x) ^ 
(/)r+i(a;), then tr+i(/) 7^ by Lemma ITBl and indi.+i(/) = by item 1 of the 
theorem in order r + 1 . 

Conversely, suppose that indr+i(/) = 0. Lemma [4.161 shows that all types in 
tr+i(/) are /-complete, and Lemma 14.51 shows that all types in tj.+i(/) are /- 
complete too. If t is /-complete, we have O^ — Oh by Proposition I4.28( and we 
get ind(/) = indi(/) + • • • -|- indr(/), by (021) and (gt]). If t is not /-complete, 
we have in particular /(x) ^ (\)r+\(x)^ and we can extend t in a unique way to a 
type t' — (t; A^+i, ^Jr+iiv)) of order r + 1, which is /-complete by our assumption. 
By Proposition 14.281 pS]) and (|44p . applied to t' in order r -I- 1, we get ind(/) = 
indi(/)-|-- • ■-|-indj.(/)-t-indr+i(/) as above. Since indr+i(/) = 0, we have ind(/) = 
indi(/) + • • • + mdr{f), as desired. This ends the proof of the theorem in the 
particular case we were dealing with. 

Let us prove now the theorem in the other instances where f{x) is irreducible: 
f{x) — (f>s{x) for the representative (f>s{x) of some type of order s — 1 < r — 1 (cf. 
Lemma [4. 6|) . In this case, inds(/) = because Ns{f) is a side of slope — (X). Also, 
if s < r we have inds+i(/) = ■ • ■ = indr(/) = by definition, because ts(/) = 
by Lemma [4.61 Since f{x) ^ (f>iix), . . . ,(^s_i(x), we have ts_i(/) ^ and we can 
apply the theorem in order s — 1: 

ind(/) = indi(/) + • • • + ind,_i(/) = indi(/) + ■ • • + ind,(/). 

This proves both statements of the theorem and it ends the proof of the theorem 
when f{x) is irreducible. 

In the general case, if f{x) = Fi{x) ■ ■ ■ Fk{x) is the factorization of f{x) into a 
product of monic irreducible polynomials, we have by definition 

fe 
ind(/) = J2 ind(F.) + J2 viRes{F,,Fj)). 

By Lemma [4.17[ an analogous relationship holds for every inds(/), 1 < s < r. 
Hence, item 1 of the theorem holds by the theorem applied to each ind(i^i), and 
by Theorem 14.101 Let us prove now item 2. By Lemma |4.17[ indr+i(/) = 
if and only if ind,+i(Fi) ~ and ReSr+i(Fi, Fj) — 0, for all i and all j ^ i. 
By the theorem in the irreducible case and Theorem I4.10| this is equivalent to 
ind(/) = indi(/) + --- + ind,(/). D 

References 

[Bau07] M. Bauer, Zur allgemeinen Theorie der algebraischen Grossen, Journal fiir die reine und 

angewandte Mathematik 132(1907), pp. 21-32. 
[Ber27] W.E.H. Berwick, Integral Bases, Cambridge Tracts in Mathematics and Mathematical 

Physics, nbr. 22, Cambridge University Press, 1927. Repr. Stecher-Hafner, 1964. 
[CohOO] H. Cohen, A Course in Computational Algebraic Number theory, Graduate Texts in 

Mathematics 138, Springer- Verlag, Berlin, 2000, fourth edition. 
[Ded78] R. Dedekind, Uber den Zusammenhang zwischen der Theorie der Ideale und der Theorie 

der hoheren Kongruenzen, Abhandlungen der Koniglichen Gesellschaft der Wissenschaften 

zu Gottingen 23(1878), pp. 1-23. 
[Gua97] J. Guardia, , Geometria aritmetica en una familia de corbes de genere tres, Tesi Doctoral, 

Universitat de Barcelona 1997. 



NEWTON POLYGONS OF HIGHER ORDER IN ALGEBRAIC NUMBER THEORY 57 

[GMNOSa] J. Guardia, J. Monies, E. Nart, Higher Newton polygons in the computation of dis- 
criminants and prime ideal decomposition in number fields. larXiv:0807. 40651 /2 [math. NT1. 

[GMNOSb] J. Guardia, J. Montes, E. Nart, Higher Newton polygons and integral bases, in prepa- 
ration. 

[Mon99] J. Montes, Poligonos de Newton de orden superior y aplicaciones aritmeticas, Tesi Doc- 
toral, Universitat de Barcelona 1999. 

[McL36a] S. MacLane, A construction for absolute values in polynomial rings, Transactions of 
the American Mathematical Society, 40(1936), pp. 363-395. 

[McL36b] S. MacLane, A construction for prime ideals as absolute values of an algebraic field, 
Duke Mathematical Journal 2(1936), pp. 492-510. 

[Ore23] 0. Ore, Zur Theorie der algebraischen Korper, Acta Mathematica 44(1923), pp. 219—314. 

[Ore24] 0. Ore, Weitere Untersuchungen zur Theorie der algebraischen Korper, Acta Mathemat- 
ica 45(1924-25), pp. 145-160. 

[Ore25] 0. Ore, Bestimmung der Diskriminanten algebraischer Korper, Acta Mathematica 
45(1925), pp. 303-344. 

[Ore26] 0. Ore, Uber den Zusammenhang zwischen den definierenden Gleichungen und der Ide- 
altheorie in algebraischen Korpern, Mathematische Annalen 96(1926), pp. 313—352. 

[Ore28] 0. Ore, Newtonsche Polygone in der Theorie der algebraischen Korper, Mathematische 
Annalen 99(1928), pp. 84-117. 

DePARTAMENT de MATEMATICA ApLICADA IV, ESCOLA POLITECNICA SUPERIOR D'EnGINYERA 
DE ViLANOVA I LA GeLTrYj, Av. VICTOR BALAGUER S/n. E-08800 ViLANOVA I LA GeLTRU, 

Catalonia 

E-mail address: guardiaania4.upc.edu 

DEPARTAMENT DE ClENCIES ECONOMIQUES I SOCIALS, FACULTAT DE ClENCIES SOCIALS, UNI- 
VERSITAT Abat Oliba CEU, Bellesguard 30, E-08022 Barcelona, Catalonia, Spain 
E-mail address: montes3auao.es 

DEPARTAMENT DE MaTEMATIQUES, UnIVERSITAT AuTONOMA DE BARCELONA, EdIFICI C, E- 

08193 Bellaterra, Barcelona, Catalonia 
E-mail address: nartSmat . uab . cat 



